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Highlights:

• Mode-dependent prescribed performance bounds enable flexible tracking specifications of subsystems.
• A switching-dependent transformation addresses discontinuities induced by performance bounds at

switching instants.
• Adaptive backstepping and an average dwell-time condition guarantee practical finite-time stability.
• An explicit upper bound on the settling time is derived for the switched closed-loop system.

Abstract: This paper proposes a switching-dependent prescribed performance adaptive control (SPPAC)
scheme for a class of switched nonlinear systems to achieve prescribed tracking performance and practical
finite-time stability. To accommodate the distinct performance requirements and dynamic characteristics
of individual subsystems, switching-dependent prescribed performance bounds (PPBs) are constructed
and adjusted according to the tracking error at switching instants. To address discontinuities in the
transformed tracking error induced by these switching-dependent PPBs, a model transformation method
is developed to reformulate the original constrained switched system as an equivalent unconstrained
system. The SPPAC scheme is designed by using adaptive backstepping under an average dwell-time
switching condition. Sufficient conditions are derived to guarantee the boundedness of all closed-loop
signals, satisfaction of the prescribed tracking bounds, and practical finite-time convergence. Furthermore,
an explicit upper bound on the settling time is established. Finally, two numerical examples are presented
to demonstrate the effectiveness of the proposed SPPAC scheme.
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1. Introduction

Switched nonlinear systems have attracted considerable attention in control theory due to their ability to
capture complex dynamic behaviors arising from structural changes, variations in operating conditions,
and interactions among multiple operating modes [1,2]. Such systems arise in various engineering
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applications, including power systems [3], chemical process control [4], and aerospace systems [5]. In
recent years, control design with prescribed performance for switched nonlinear systems has received
increasing attention [6,7]. Prescribed performance requires the tracking error to remain within predefined
time-varying bounds, thereby imposing explicit specifications on convergence rate, overshoot, and
steady-state accuracy [8,9]. However, the interaction between nonlinear dynamics and switching
behavior makes it challenging to enforce such performance constraints across different operating modes.
Furthermore, existing control approaches based on transfer-function analysis or extensive parameter
tuning may be difficult to apply to switched nonlinear systems [10].

To address these challenges, prescribed performance control (PPC) has been extensively investigated
for switched systems [11]. By introducing prescribed performance bounds (PPBs) and error transformation
functions, the original constrained tracking problem can be reformulated as an unconstrained stabilization
problem. Thus, the boundedness of the transformed error guarantees that the original tracking error remains
within the PPBs [12,13]. Various PPB profiles have been developed, including exponential, hyperbolic
cotangent, and finite-time performance bounds, to accommodate different control objectives [6]. Furthermore,
PPC schemes have been extended to address practical issues such as modeling uncertainties [14], input
saturation [15], and transition functions designed to avoid abrupt changes [16]. Despite these advances,
most existing PPC methods for switched systems employ a common PPB for all subsystems. Such a
uniform design imposes restrictive conditions on controller parameters and may lead to conservative
or even infeasible PPC designs when subsystems exhibit different dynamic characteristics. To alleviate
this limitation, PPC schemes with flexible PPBs have been proposed [17]. Although these methods
can accommodate uncertain disturbances, they generally do not adjust the PPBs to meet the varying
requirements of individual subsystems at switching instants. To further improve design flexibility, PPC
schemes employing multi-stage PPBs have been developed [18]. However, the performance bounds in
these approaches are typically predetermined and cannot be adjusted according to the tracking error at
each switching instant.

On the other hand, finite-time stability (FTS) has received considerable attention, as it guarantees
that the system state converges to the target equilibrium within a finite settling time [19,20]. However, for
switched nonlinear systems, the presence of multiple subsystems and switching events makes the construction
of a common finite-time Lyapunov function particularly challenging. Specifically, switching may disrupt the
Lyapunov decrease conditions required for finite-time convergence [21], thereby complicating the direct
extension of existing FTS analysis methods. Moreover, existing studies focus on establishing finite-time
convergence for switched systems without considering the regulation of transient tracking performance.

In addition, system uncertainties and unknown parameters further complicate the design of finite-time
PPC schemes for switched nonlinear systems [22]. For systems with unknown nonlinear dynamics,
approximation-based techniques, such as fuzzy logic systems and neural networks, have been widely
employed to estimate uncertain nonlinearities. Their approximation capabilities are typically supported
by universal approximation results under appropriate conditions [10]. However, incorporating such
approximators into control schemes that enforce prescribed transient performance and finite-time
convergence may increase controller complexity and complicate stability analysis. As an alternative,
adaptive laws can be employed to update parameter estimates online in the presence of unknown
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parameters [23]. Nevertheless, the interplay between parameter adaptation and switching-induced
discontinuities makes it more challenging to guarantee finite-time convergence and prescribed tracking
performance for switched nonlinear systems.

Motivated by the above observations, this paper proposes a switching-dependent prescribed
performance adaptive control (SPPAC) strategy for a class of switched nonlinear systems with practical
FTS. Unlike existing approaches, the proposed SPPAC strategy employs switching-dependent PPBs that
are adjusted according to the tracking error at each switching instant. This design allows mode-specific
performance constraints to be imposed, thereby improving flexibility in accommodating the dynamic
characteristics and performance requirements of individual subsystems. To address discontinuities
in the transformed tracking error caused by switching-dependent PPBs, a model transformation
technique is developed. By integrating adaptive backstepping with stability analysis based on an
average dwell-time (ADT) switching, an SPPAC scheme is constructed for the considered switched
nonlinear systems. Sufficient conditions are established to guarantee the boundedness of closed-loop
signals, satisfaction of the prescribed transient and steady-state tracking performance, and practical
finite-time convergence. Furthermore, an explicit upper bound on the settling time is derived.

The remainder of this paper is organized as follows. Section 2 formulates the control problem and
presents the necessary assumptions and preliminary results. Section 3 develops the proposed SPPAC
scheme, including the construction of switching-dependent PPBs, the error transformation method, and
the controller design. Section 4 demonstrates the effectiveness of the proposed scheme through two
numerical examples. Finally, Section 5 concludes the paper.

Notation: Rn denotes the n-dimensional Euclidean space. I denotes the identity matrix of appropriate
dimension. For a given matrix A, AT denotes its transpose, and ∥A∥ denotes the induced matrix norm.
The maximum and minimum elements of a set are denoted by max{·} and min{·}, respectively. The
Lambert W function, denoted by W̄ (·), is defined as the inverse of f (z) = zez on a specified branch. Thus,
W̄ (y)eW̄ (y) = y for any y in the domain of that branch.

2. Problem formulation and preliminaries

Consider a class of switched nonlinear systems described by⎧⎪⎪⎪⎨⎪⎪⎪⎩
η̇i = fi,σ (η̄i,ηi+1), i = 1,2, . . . ,n−1,

η̇n = fn,σ (η̄n,u),

y = η1,

(1)

where η̄i = [η1, . . . ,ηi]
T ∈ Ri, i = 1, . . . ,n, is the vector of the first i state variables, u ∈ R is the control

input, and y ∈ R is the system output. The initial state is given by η̄n(0) = η0 ∈ Rn. The switching signal
σ : [0,∞)→M = {1,2, . . . ,m} is a piecewise constant, right-continuous function, where m is the number
of subsystems. For each switching mode σ = j ∈ M , fi, j(·), i = 1, . . . ,n, are unknown smooth nonlinear
functions that are non-affine in their last arguments.
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Definition 1: For a switching signal σ , let Nσ (t,T ) denote the number of switching instants in the
open interval (t,T ). The switching signal σ is said to satisfy an ADT condition with τd > 0 if there exists
a chattering bound N0 ≥ 0 such that

Nσ (t,T )≤ N0 +
T − t

τd
, ∀T > t ≥ 0. (2)

Definition 2 ([24]): Consider a system η̇(t) = f (η(t)) with f (0) = 0. The system is said to achieve
practical finite-time convergence if there exists a constant ε > 0 such that, for any initial condition η(t0),
a finite settling time T (ε,η(t0))< ∞ exists satisfying

∥η(t)∥< ε, ∀t ≥ t0 +T (ε,η(t0)).

Assumption 1: The reference signal yr is smooth, and there exists a known positive constant YR such
that (yr, ẏr, ÿr) ∈ Ωy for all t ≥ 0, where

Ωy =
{︁
(s0,s1,s2) ∈ R3 : s2

0 + s2
1 + s2

2 ≤ YR
}︁
.

Here, ẏr and ÿr denote the first- and second-order time derivatives of yr, respectively.
Assumption 2: For each i = 1, . . . ,n and j ∈ M , there exist unknown constants c̄i+1, ci+1, h̄i, j, and

hi, j, together with unknown functions ḡi, j(·) and gi, j(·), such that

fi, j(η̄i,ηi+1)≥ fi, j(η̄i,0)+ ḡi, j(η̄i,ηi+1)ηi+1 + h̄i, j, if ηi+1 ≥ c̄i+1, (3a)

fi, j(η̄i,ηi+1)≤ fi, j(η̄i,0)+gi, j(η̄i,ηi+1)ηi+1 +hi, j, if ηi+1 ≤−ci+1, (3b)

where ηn+1 = u. Furthermore, for |ηi+1| ≥ ci+1, where ci+1 = max{ci+1, c̄i+1}, there exists a constant
gi,m > 0 such that

min
{︂

ḡi, j(η̄i,ηi+1),gi, j(η̄i,ηi+1)
}︂
≥ gi,m.

The mean value theorem is widely employed to handle non-affine nonlinearities in control systems [25,26].
Although applicable to smooth nonlinear functions, approaches based on this theorem often impose
additional restrictions on the associated partial derivatives. To avoid explicitly imposing such derivative
conditions, alternative inequalities of the form (Equation (3)) have been introduced in [27,28]. These
inequalities characterize the nonlinearities in two regions, namely ηi+1 ≥ c̄i+1 and ηi+1 ≤−ci+1, without
requiring globally uniform bounds on the corresponding partial derivatives. Similar conditions have
been adopted in the control design of nonlinear systems with unknown dynamics and bounded reference
signals [29,30].

Notably, Assumption 2 imposes no additional sector-type constraints on fi, j(·) within the intermediate
interval −ci+1 < ηi+1 < c̄i+1. Nevertheless, this flexibility introduces additional challenges in controller
design. Unlike conditions that require uniformly positive control gains [24,31], Assumption 2 allows
the functions ḡi, j(η̄i,ηi+1) and gi, j(η̄i,ηi+1) to vanish or change sign within the intermediate interval.
Consequently, the corresponding gain functions are not necessarily bounded away from zero over the
entire domain. Furthermore, the non-affine dependence of fi, j(η̄i,ηi+1) on ηi+1 prevents the direct
application of conventional strict-feedback backstepping techniques.
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The control objective is to develop a switching-dependent adaptive controller for the considered
switched nonlinear systems with unknown nonlinearities such that all closed-loop signals remain bounded,
the tracking error satisfies PPBs that can be adjusted according to the active switching mode, and practical
finite-time convergence is achieved under an ADT switching.

Lemma 1: Let Vσ(t)(t) be a positive definite function satisfying:

V̇j(t)≤−ωV 1−ρ

j (t)+d1,ρ ∈ (0,1),ω > 0,d1 ≥ 0 (4)

V ρ

j (t
+
k )≤ µV ρ

h̄ (t−k )+d2,µ ≥ 1,d2 ≥ 0, (5)

where j ∈ M and the mode h̄ switches to j at switching instant tk. If the ADT switching law satisfies

τd >
ln µ

ωρ
, (6)

then there exists a finite time T > 0 such that Vσ(t)(t) ≤ (d1
ω
)

1
1−ρ , ∀t ≥ T , and an upper bound of the

settling time

T ≤ 1
ωρ

(︂
−W̄ (C1e−C2)−C2

)︂
, (7)

with the Lambert W function W̄ (·), C0 = µ(d1
ω
)

ρ

1−ρ +d2, C1 = eN0 ln µ((Vσ(0)− (d1
ω
)

1
1−ρ )ρ(0)+ C0

µ−1) and
C2 =

C0
µ−1 .

Proof: Set V̄ = (d1
ω
)

1
1−ρ . For Vj ≥ V̄ , Equation (4) yields that

V̇j(t)≤−ωV 1−ρ

j (t)+d1 =−ωV 1−ρ

j (t)+ωV̄ 1−ρ =−ω
(︁
V 1−ρ

j (t)−V̄ 1−ρ
)︁
. (8)

Define Wj(t) = Vj(t)− V̄ . It follows that Ẇj = V̇j ≤ −ωW 1−ρ

j . Integrate Equation (8) over an active
interval [tk−1, tk] of the j-th mode:

W ρ

j (tk)≤W ρ

j (tk−1)−ωρ(tk − tk−1). (9)

The condition (Equation (5)) implies that

(W j(t+k )+V̄ )ρ ≤ µ(Wh̄(t+k )+V̄ )ρ +d2.

According to the concave function property, (a+b)ρ ≤ aρ +bρ for a,b ≥ 0, so

W ρ

j (t
+
k )≤ µW ρ

h̄ (t−k )+C0. (10)

Let 0 = t0 < t1 < · · ·< tNσ
≤ T be switching moments on [0,T ], and Nσ be the total switching number.

Recursively apply Equation (9) together with Equation (10) to get

W ρ

σ (T )≤µ
Nσ

(︃
W ρ

σ(0)(0)+
C0

µ −1

)︃
− C0

µ −1
−ωρ

Nσ

∑
k=1

µ
Nσ−k(tk − tk−1).

With the ADT property and ADT switching law (Equation (6)), it follows that

W ρ

σ (T )≤C1eωρT −C2 −ωρT. (11)
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With the Lambert W function [32], thenC1eωρT −C2−ωρT =0 can be solved for T = 1
ωρ

(−W̄(C1e−C2)−C2).

It also implies that V ρ

σ (T )≤ (d1
ω
)

1
1−ρ for T ≥ 1

ωρ
(−W̄ (C1e−C2)−C2). The proof is completed.

Remark 1: Lemma 1 provides a sufficient condition for the practical FTS of the switched system
(Equation (1)) under ADT switching. The decay rate ω and the switching-induced growth factor µ

influence the feasibility of the control design. By incorporating the nonnegative terms d1 and d2 into
conditions (Equations (4) and (5)), respectively, the Lyapunov inequalities allow for residual effects
during continuous evolution and at switching instants. This formulation provides additional flexibility in
the stability analysis compared with classical FTS criteria [27,33]. Under the stated conditions, the system
trajectories converge to a neighborhood of the equilibrium within finite time, with an explicit upper bound
on the settling time (Equation (7)).

3. SPPAC for switched nonlinear systems

The nonaffine terms fi, j(·) in system (Equation (1)) pose challenges for analysis and controller synthesis.
The transformation introduced in [28] is used to obtain an affine-like representation in the extended state
η̄i+1. According to Assumption 2, there exist continuous weighting functions v1,i, j(η̄i+1), v2,i, j(η̄i+1),
v3,i, j(η̄i+1) ∈ [0,1], such that⎧⎨⎩ fi, j(η̄i,ηi+1) = fi, j(η̄i,0)+Hi, j(η̄i+1)+Gi, j(η̄i+1)ηi+1, i = 1,2, . . . ,n−1

fn, j(η̄n,u) = fn, j(η̄n,0)+Hn, j(η̄n+1)+Gn, j(η̄n+1)u,
(12)

where η̄n+1 = [η̄T
n ,u]

T. The auxiliary functions Hi, j(·) and Gi, j(·) are defined as

Hi, j(η̄i+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
h̄i, j, if ηi+1 > ci+1,

(2v2,i, j(η̄i+1)−1)(Ki, j(η̄i)+gi,mci+1), if − ci+1 ≤ ηi+1 ≤ ci+1,

hi, j, if ηi+1 <−ci+1,

Gi, j(η̄i+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(1− v1,i, j(η̄i+1))ḡi, j(η̄i,ηi+1)+ v1,i, j(η̄i+1)ḡ′i, j(η̄i,ηi+1), if ηi+1 > ci+1,

gi,m, if − ci+1 ≤ ηi+1 ≤ ci+1,

(1− v3,i, j(η̄i+1))gi, j(η̄i,ηi+1)+ v3,i, j(η̄i+1)g′i, j(η̄i,ηi+1), if ηi+1 <−ci+1.

Here, ḡ′i, j(η̄i,ηi+1) = max{g′i, j,
1

ci+1
( fi, j(η̄i,ηi+1)− fi, j(η̄i,0)− h̄i, j)}, g′i, j(η̄i,ηi+1) = max{g′i, j,

−1
ci+1

·
( fi, j(η̄i,ηi+1)− fi, j(η̄i,0)−hi, j)}, Ki, j(η̄i)≥ | fi, j(η̄i,ηi+1)− fi, j(η̄i,0)| and ci+1 = max{ci+1, c̄i+1}. As
a result, the switched nonlinear system (Equation (1)) can be equivalently reformulated as⎧⎨⎩η̇i = fi,σ (η̄i,0)+Hi,σ (η̄i+1)+Gi,σ (η̄i+1)ηi+1, i = 1, . . . ,n−1

η̇n = fn,σ (η̄n,0)+Hn,σ (η̄n+1)+Gn,σ (η̄n+1)u.
(13)

With the radial basis function (RBF) neural network technique [34], an unknown nonlinear
function F(Q) can be approximated as F(Q) = W TΦ(Q), where W = [W1, . . . ,Wl ]

T ∈ Rl denotes
the ideal weight vector, l is the number of basis nodes, and Φ(Q) = [Φ1(Q), . . . ,Φl(Q)]T ∈ Rl is
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the RBF vector. Each basis function Φi(Q) is selected as a Gaussian function of the form Φi(Q) =

exp(− (Q−νi)
T(Q−νi)

ψ2
i

), i = 1, . . . , l, where Q ∈ΛQ ⊂Rn is the network input, ΛQ is a compact set, νi ∈Rn

denotes the center of the ith basis function, and ψi > 0 is the corresponding width. Owing to the universal
approximation capability of RBF neural networks, for any given small constant ς̄ > 0, there exists a
weight vector W̄ such that F(Q) = W̄ TΦ(Q)+ ς(Q), where the approximation error ς(Q) satisfies
|ς(Q)| ≤ ς̄ for all Q ∈ ΛQ.

Lemma 2 ([34]): Let Φ(·) denote the basis function vector of an RBF neural network with input
vector Q = [q1, . . . ,qn]

T. For the vector Q j = [q1, . . . ,q j]
T, 1 ≤ j ≤ n, the following inequality holds:

∥Φ(Q)∥ ≤ ∥Φ(Q j)∥.

Lemma 3 ([35]): Let c1, c2, and c3 be positive constants. For any χ,ζ ∈R, the following inequality holds:

|χ|c1|ζ |c2 ≤ c1

c1 + c2
c3|χ|c1+c2 +

c2

c1 + c2
c
− c1

c2
3 |ζ |c1+c2 .

Lemma 4 ([36]): For zi ∈ R, i = 1, . . . ,n, and any l ∈ (0,1), the following inequalities hold:(︄
n

∑
i=1

|zi|

)︄l

≤
n

∑
i=1

|zi|l ≤ n1−l

(︄
n

∑
i=1

|zi|

)︄l

.

We now assign a PPB to each switching mode. Let T1 > 0 denote the prescribed convergence time of
the performance bounds. For each subsystem j ∈ M , the corresponding PPB is defined as

Q j(t) =

⎧⎨⎩(Q j0 −QF)
(︂

1− t
T1

)︂ 1
1−ϕ

+QF , t ∈ [0,T1),

QF , t ∈ [T1,+∞),
(14)

where Q j0 > 0 is the initial performance bound of subsystem j, ϕ ∈ (0,1) is a design parameter, and
QF > 0 denotes the prescribed terminal bound. In the PPC framework, Q j0, QF , and T1 determine the
initial error bound, the terminal performance bound, and the prescribed convergence time of the performance
function, respectively. Together with the positive constants δmin and δmax, these parameters specify the
transient and steady-state tracking requirements through the performance constraint (Equation (14)).

Remark 2: Different subsystems may have distinct transient responses and tracking performance
requirements. To account for these differences, each subsystem is assigned a mode-dependent performance
function Q j(t), with Q j0 specifying its initial performance bound. When the active mode switches from h̄

to j at tk, the prescribed bound changes from Qh̄(tk) to Q j(tk). This change is determined by the switching
mode rather than by an adjustment based on the instantaneous tracking error. In particular, the values of
Q j0 are selected offline according to the dynamic characteristics and performance requirements of the
individual subsystems. After T1, all performance functions attain the common terminal value QF , thereby
imposing the same steady-state tracking requirements on the subsystems.

Thus, the prescribed transient and steady-state tracking requirements are satisfied if the tracking error
ey(t) = y(t)− yr(t) remains within −δminQ j(t) < ey(t) < δmaxQ j(t), where δmin and δmax are positive
constants. Within the PPC framework, this constrained tracking error can be mapped into an unconstrained
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variable for each active subsystem. Specifically, the error transformation is defined as

s j(t) = T j(ey(t), t) = ln
δmin + ey(t)/Q j(t)
δmax − ey(t)/Q j(t)

, (15)

where j ∈M . Let Γ j(t) = ey(t)/Q j(t) denote the normalized tracking error. Differentiating Equation (15)
along the trajectories of the jth subsystem gives

ṡ j(t) =
Cs

Q j(t)

(︃
ėy(t)−

Q̇ j(t)
Q j(t)

ey(t)
)︃
, (16)

where Cs =
1

δmin+Γ j(t)
+ 1

δmax−Γ j(t)
. According to Equations (15)–(16), the transformed error s j(t)

depends on the active subsystem. As a result, s j(t) is generally discontinuous at switching instants,
i.e., sσ(tk)(tk) ̸= s

σ(t−k )(tk). Consider a switching instant tk at which the active mode changes from h̄ to j.
The transformed errors s j and sh̄ satisfy

s j = ln
(δminQ j(tk)+δmaxQh̄(tk))esh̄ +δmin(Q j(tk)−Qh̄(tk))

(δmaxQ j(tk)−δmaxQh̄(tk))esh̄ +δmaxQ j(tk)+δminQh̄(tk)
,

which defines a continuous mapping T̄j,h̄(·) such that s j = T̄j,h̄(sh̄) and T̄j,h̄(0) = 0. By the mean value
theorem, for sh̄ ̸= 0, there exists εh̄ lying between 0 and sh̄ such that T̄j,h̄(sh̄) = T̄ ′

j,h̄(εh̄)sh̄, where T̄ ′
j,h̄(·)

denotes the derivative of T̄j,h̄(·). Moreover, it follows that limεh̄→+∞ T̄ ′
j,h̄(εh̄) = 0, and limεh̄→0 T̄ ′

j,h̄(εh̄) =

maxi, j∈M {Qi(tk)
Q j(tk)

}, which implies that T̄ ′
j,h̄(·) is uniformly bounded. A similar boundedness result can be

established for εh̄ ∈ (−sh̄,0) by following a similar procedure. Therefore, the switching-dependent model
transformation can be expressed as

s j = T̄ ′
j,h̄(εh̄)sh̄. (17)

Then, the PPC design proceeds by transforming the constrained tracking error into the unconstrained
variable s j through Equation (15). A coordinate transformation combined with the backstepping technique
is employed to design the controller such that the transformed error s j remains bounded, thereby
guaranteeing that the tracking error remains within the PPBs. The coordinate transformation is defined as

z1 = s1,

zi = ηi −α
c
i ,

λi = α
c
i −αi−1, i = 2,3, . . . ,n,

(18)

where the signal αc
i is the output of a first-order filter introduced to avoid repeated differentiation of the

virtual control law αi. The filter dynamics are given by

τiα̇
c
i +α

c
i = αi, α

c
i (0) = αi(0), (19)

where τi > 0 is a constant filter time parameter. With the switching-dependent model transformation
(Equation (17)), the SPPAC scheme and the adaptive laws for j ∈ M are designed as
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u =−
ln, j
gn, j

zn −
zn

2gn, j
−

cn, j

2gn, j
znθ̂n, j

⃦⃦
Φn, j(Qn)

⃦⃦2
, (20)

˙̂
θ1, j =

c1, j

2
κz2

1ρ
2
j
⃦⃦

Φ1, j(Q1, j)
⃦⃦2 − θ̂1, j, (21)

˙̂
θi, j =

ci, j

2
κz2

i
⃦⃦

Φi, j(Qi)
⃦⃦2 − θ̂i, j, i = 2, . . . ,n, (22)

where Q1, j = (yr, ẏr,Q j, Q̇ j,η1)
T, Qi = (η̄i,α

c
i , α̇

c
i )

T, ρ j =
Cs

Q j(t)
and li, j, ci, j, and κ are positive design

constants. The corresponding virtual control laws are given by

α1 =−
l1, j

ρ jg1, j
z1 −

ρ jz1

2g1, j
−

c1, jρ jz1

2g1, j
θ̂1, j

⃦⃦
Φ1, j(Q1, j)

⃦⃦2
,

αi =−
li, j
gi, j

zi −
zi

2gi, j
−

ci, j

2gi, j
ziθ̂i, j

⃦⃦
Φi, j(Qi)

⃦⃦2
, i = 2, . . . ,n.

(23)

Consider the Lyapunov function candidate for each subsystem of Equation (1) as

Vj =
n

∑
i=1

1
2

z2
i +

n

∑
i=2

1
2

λ
2
i +

n

∑
i=1

1
2κ

∥θ̃i, j∥2, (24)

where κ > 0 is a design constant, θ̂i, j denotes the estimate of θi, j, and θ̃i, j = θi, j − θ̂i, j is the parameter
estimation error. Based on the SPPAC scheme (Equations (20)–(23)), the following result holds.

Lemma 5: Along the solutions of Equations (18)–(23), for any j, h̄ ∈ M , the Lyapunov function
V j satisfies

V̇j ≤−ωV 1−ρ

j +d1, (25)

Vj ≤ µVh̄ +d2, (26)

where ρ = max{ϖ1,ϖ2,ϖ3, j}, ω = min{2(l1, j − 1
2), . . . ,2(ln, j −

1
2),

2
τ2
, . . . , 2

τn
,1}, µ ≥ 1, and

d1 = ∑
n
i=1(Ξi, j +

1
2κ
∥θi, j∥2 + 1

2M∗2
i−1 + ϖ1(1 − ϖ1)

1−ϖ1
ϖ1 + ϖ2(1 − ϖ2)

1−ϖ2
ϖ2 + ϖ3, j(1 − ϖ3, j)

1−ϖ3, j
ϖ3, j ),

d2 =
3n
4κ

maxi∈{1,...,n} ∥θ̃i, j − 1
2 θ̃i,h̄∥2.

Proof: The proof consists of two parts, corresponding to the switching intervals and the switching
instants, respectively. Refer to Appendix A for the details.

Based on Lemmas 1 and 5, the main result of this paper is summarized as follows.
Theorem 1: Under Assumptions 1–2, consider the switched nonlinear system (Equation (1))

with the SPPAC scheme (Equation (20)), the adaptive laws (Equations (21)–(22)), and the virtual
control laws (Equation (23)). If the ADT switching law (Equation (6)) is satisfied, then the following
properties hold:

(S1) all signals in the closed-loop system are bounded;
(S2) the tracking error satisfies the prescribed performance constraint −δminQ j(t)< ey(t)< δmaxQ j(t),

∀ j ∈ M , ∀t ≥ 0;
(S3) the system is FTS with an explicit settling time given in Equation (7).
Proof: Detailed derivations are provided in Appendix B.
Remark 3: The design contains two time indices, namely the convergence time T and the user-specified

convergence time T1. T characterizes the finite-time convergence of all states involved in the Lyapunov
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function V (t), whereas T1 is explicitly imposed on user-specified states. Although the expression of T

is analytic, it depends on several unknown parameters, which prevents the explicit computation of its
exact value. In contrast, by introducing the switching-dependent PPBs, the convergence time T1 can be
directly specified by the user for selected states. This distinction separates the stability bound from the
tracking-performance schedule.

Remark 4: The controller parameters can be selected according to the following guidelines. The
gains li, j should be chosen sufficiently large to enhance the convergence rate of the tracking error, whereas
ci, j determine the strength of the adaptive compensation. The parameter κ adjusts the adaptation rate, and
the filter constants τi should be selected sufficiently small to reduce the dynamic surface filtering errors.
In practice, excessively large control or adaptive gains may amplify measurement noise and increase the
control effort.

4. Simulation examples

Two simulation examples are presented to evaluate the performance of the proposed SPPAC scheme.

4.1. Comparison between common and switching-dependent PPB designs

The first example considers a second-order switched nonlinear system consisting of two subsystems.
The nonlinear functions of the subsystems are given by f1,1 = 1

2η4
1 + 0.45η2 − 0.45η2e−1−η2

1 , f2,1 =

0.1η2
1 −0.1η2 +

1
2η2

2 +u, f1,2 = 0.2η2
1 −0.1η1 +0.25η2, and f2,2 = 0.1η1 + cosη2 +0.1η1η2 +u. The

control objective is to make the system output y = η1 track the reference signal yr(t) = 0.1cos(2t) while
satisfying the prescribed tracking performance constraints.

To examine the applicability of Assumption 2, bounding inequalities are considered for the subsystem
nonlinearities with respect to η2 and u. For the first subsystem, the proposed inequalities are f1,1 ≥
η2(0.05η3

1 + 0.05η2
2 )+ 10 for η2 >

1
2 , f1,1 ≤ η2(−5eη1 − 5eη2

2 )+ 10 for η2 < −1
2 , f2,1 ≥ u(−31η2

1 −
18.6η2

2 −18.6u2)+2 for u > 1
2 , and f2,1 ≤ u(7.434η2

1 −3.54e
1
2 η2

2 +11.5758u)+2.1 for u <−1
2 . For the

second subsystem, the corresponding inequalities are f1,2 ≥ η2(−0.371η2
1 −0.119η2

2 )+0.2 for η2 >
1
2 ,

f1,2 ≤ η2(−1.4e1.13η2
1 + 0.119η2)+ 0.2 for η2 < −1

2 , f2,2 ≥ u(0.072η2
1 − 0.1623η2

2 + 0.0552u2)+ 0.4
for u > 1

2 , and f2,2 ≤ u(−0.26η2
1 −0.4e0.1η2

2 −0.8u2)+0.4 for u <−1
2 . The validity of these inequalities

must be established to verify Assumption 2 and justify the use of the equivalent model (Equation (13)).
The controller parameters are selected as l = 5, h̄ = 2, and ν = [1,2,3,4,5]T for the RBF neural

network, together with T1 = 1.5, Q10 = 0.2, Q20 = 0.2, QF = 0.05, ϕ = 0.8, c1 = 0.1, c2 = 0.1, δmin = 0.6,
δmax = 1.3, κ = 1, c1,1 = 0.01, c2,1 = 0.02, l1,1 = 0.01, l2,1 = 1, g1,m = 10, c1,2 = 0.01, c2,2 = 0.05,
l1,2 = 0.03, l2,2 = 0.1, g2,m = 0.06, and τ2 = 0.05. The initial conditions are specified as η1(0) = 0.4,
η2(0) = 0.8, θ̂1,1(0) = 0.01, θ̂2,1(0) = 0, θ̂1,2(0) = 0, and θ̂2,2(0) = 0.

Figure 1 compares the tracking error with the common and switching-dependent PPBs. The tracking
error exhibits variations in amplitude, particularly around the switching instants, reflecting the influence
of the changing subsystem dynamics. In the reported simulation, the common PPB is violated near
t = 1 s and t = 4 s. The interpretation of the switching-dependent PPBs, however, requires verification
of the mode-specific performance parameters. Figure 2 illustrates the system output and the reference
signal under the proposed SPPAC scheme. The reported maximum absolute tracking error is 0.4041. The

10
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tracking error enters the region |ey(t)| ≤ 0.06 at t = 4.48 s and remains within this region thereafter. Over
the interval t ∈ [10,15] s, the mean absolute tracking error and root-mean-square tracking error are 0.0090
and 0.0099, respectively. These numerical results provide quantitative measures of the tracking accuracy,
while satisfaction of the prescribed performance constraints must be verified against the corresponding
mode-dependent bounds.
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Figure 1. Tracking error with common and switching-dependent PPBs.
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Figure 2. System output and reference signal under the proposed SPPAC scheme.
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4.2. Application of the SPPAC strategy to aero-engine control

Following the system identification procedure described in [5], the aero-engine dynamics under different
operating conditions are represented by switched nonlinear subsystem models. For the first operating
condition, the identified model is given by⎧⎪⎪⎪⎨⎪⎪⎪⎩

η̇1 =−0.1η4
1 −1.2η2e−1−η2

1 +0.45η2,

η̇2 = η2
1 −0.1η2 −0.3η2

2 +u,

y = η1.

The identification results yield a cost function value of 0.063, a final prediction error of 0.066, and a
fitness value of 98.2%. For the second operating condition, the identified model takes the form⎧⎪⎪⎪⎨⎪⎪⎪⎩

η̇1 =−3η2
1 −3η1 +0.25η2,

η̇2 =−2η1 + cosη2 −0.9η1η2 +u,

y = η1.

The corresponding cost function value and final prediction error are 0.121 and 0.122, respectively, with a
fitness value of 96.7%.

The controller parameters are specified as l = 5, h̄ = 2, ν = [1,2,3,4,5]T, T1 = 1.5, Q10 = 0.2,
Q20 = 0.2, QF = 0.08, ϕ = 0.75, c1 = 0.1, c2 = 0.1, δmin = 1.6, δmax = 1.6, κ = 5, c1,1 = 0.01, c2,1 = 0.02,
l1,1 = 0.01, l2,1 = 0.1, g1,m = 3.5, c1,2 = 0.01, c2,2 = 0.05, l1,2 = 0.03, l2,2 = 0.1, g2,m = 0.05, and
τ2 = 0.05. The initial conditions are set to η1(0) = 0.4, η2(0) = 0.8, θ̂1,1(0) = 0.01, θ̂2,1(0) = 0,
θ̂1,2(0) = 0, and θ̂2,2(0) = 0. The reference signal is chosen as yr(t) = 0.1cos(2.2t).

Figures 3 and 4 illustrate the tracking error and output response of the aero-engine system under
the proposed SPPAC scheme. The output follows the reference signal despite changes in the active
subsystem, while transient tracking deviations occur during switching. The prescribed performance
function reaches its terminal value QF at t = T1, after which the performance bounds remain constant.
As shown in Figure 3, the tracking error is reported to remain within the prescribed bounds throughout
the simulation. The error response after t = 5 s further illustrates the tracking behavior under continued
subsystem switching.

Figure 5 shows that the engine states converge to a bounded region within a finite time, providing
numerical evidence consistent with the practical FTS (S3). As illustrated in Figure 6, the control input
u exhibits noticeable fluctuations near t = 0.5 s and t = 1 s, corresponding to the transitions between
subsystems. Despite these transient variations, the control input remains bounded throughout the simulation.
Figure 7 presents the evolution of the mode-dependent adaptive parameter estimates, which exhibit
changes associated with the switching of the active subsystem.
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Figure 3. Tracking error and PPBs for the aero-engine system.
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Figure 4. Aero-engine output and reference signal under the proposed SPPAC scheme.
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Figure 5. State responses of the aero-engine system.
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Figure 7. Adaptive parameter estimates of the aero-engine system.

5. Conclusion

This paper has developed an SPPAC scheme for a class of switched nonlinear systems to achieve prescribed
tracking performance and practical FTS. By introducing switching-dependent PPBs, the proposed scheme
allows different subsystems to satisfy their respective transient performance requirements. To address
the discontinuities in the transformed tracking error, a switching-dependent model transformation has
been established to transform the constrained tracking problem into an unconstrained formulation. An
adaptive backstepping controller has then been designed, with the stability analysis conducted under an
ADT condition. Sufficient conditions have been formulated to ensure the boundedness of closed-loop
signals, satisfaction of the prescribed tracking constraints, and practical finite-time convergence. An
explicit upper bound on the settling time has also been derived.
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Appendix A. Proofs of Lemma 5

Define the Lyapunov function candidate V1, j =
1
2z2

1 +
1

2κ
θ̃ T

1, jθ̃1, j. Invoking Equations (13), (16), and (18),
the time derivative of V1, j along the system trajectories is given by

V̇1, j = z1ρ j

(︃
f1, j(η̄1,0)+H1, j(η̄2)+G1, j(η̄2)(z2 +λ2 +α1)− ẏr −

Q̇ j(t)
Q j(t)

ey

)︃
− 1

κ
θ̃

T
1, j

˙̂
θ1, j. (27)

From Equation (12), it follows that H1, j(η̄2)≤K1, j(η̄2)+h1, j, where h1, j =max{g1,mc2,h1, j, h̄1, j}. Then,
for any given constant δ1, j > 0, one has

z1ρ jH1, j(η̄2)≤
δ1, j

2
z2

1ρ
2
j
(︁
K2

1, j(η̄2)+h2
1, j
)︁
+

1
2δ1, j

. (28)

Moreover, by Young’s inequality, it holds that

z1ρ jG1, j(η̄2)(z2 +λ2 +α1)≤ z1ρ jG1, j(η̄2)α1 + z2
1ρ

2
j G2

1, j(η̄2)+
1
2

z2
2 +

1
2

λ
2
2 . (29)

Substituting Equations (28) and (29) into Equation (27) yields

V̇1, j ≤ z1ρ j
(︁
F1, j(Q̄1, j)+G1, j(η̄2)α1

)︁
+

1
2δ1, j

+
1
2

z2
2 +

1
2

λ
2
2 − 1

κ
θ̃

T
1, j

˙̂
θ1, j (30)

where F1, j(Q̄1, j) = f1, j(η1,0)+
δ1, j

2 z1ρ j(K2
1, j(η̄2)+ h2

1, j)+ z1ρ jG2
1, j(η̄2)− ẏr −

Q̇ j(t)
Q j(t)

ey and Q̄1, j =

(yr, ẏr,Q j, Q̇ j,η1,η2)
T. The unknown nonlinear function F1, j(Q̄1, j) is approximated by an RBF neural

network, and the approximation error ε1, j(Q1, j) satisfies |ε1, j(Q1, j)| ≤ ε1. According to Lemma 2, one has

z1ρ jF1, j(Q̄1, j)≤
c1, j

2
z2

1ρ
2
j θ1, j

⃦⃦
Φ1, j(Q1, j)

⃦⃦2
+

1
2c1, j

+
1
2

z2
1ρ

2
j +

ε2
1
2

(31)

where θ1, j = ∥ϑ1, j∥2. Substituting Equation (31) into Equation (30) yields

V̇1, j ≤z1ρ j

(︃
G1, j(η̄2)α1 +

1
2

z1ρ j +
c1, j

2
z1ρ jθ̂1, j

⃦⃦
Φ1, j(Q1, j)

⃦⃦2
)︃

+
1
2

z2
2 +

1
2

λ
2
2 − 1

κ
θ̃

T
1, j

˙̂
θ1, j +Ξ1, j. (32)

where Ξ1, j =
1

2c1, j
+

ε2
1
2 + 1

2δ1, j
. With the adaptive law (Equation (21)) and the virtual control law

(Equation (23)), it follows from Equation (32) that
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V̇1, j ≤−l1, jz2
1 +

1
2

z2
2 +

1
2

λ
2
2 +

1
κ

θ̃
T
1, jθ̂1, j +Ξ1, j. (33)

Define the Lyapunov function candidate recursively as Vi, j = Vi−1, j +
1
2z2

i +
1
2λ 2

i + 1
2κ

θ̃ T
i, jθ̃i, j, for

i = 2, . . . ,n−1. By combining Equations (13), (18), and (19), the time derivative of Vi, j along the system
trajectories is given by

V̇i, j =V̇i−1, j + zi
(︁

fi, j(η̄i,0)+Hi, j(η̄i+1)+Gi, j(η̄i+1)(zi+1 +λi+1 +αi)− α̇
c
i
)︁

+λi

(︃
−λi

τi
− α̇i−1

)︃
− 1

κ
θ̃

T
i, j

˙̂
θi, j. (34)

Applying Young’s inequality yields

ziGi, j(η̄i+1)(zi+1 +λi+1 +αi)

≤ziGi, j(η̄i+1)αi + z2
i G2

i, j(η̄i+1)+
1
2

z2
i+1 +

1
2

λ
2
i+1ziHi, j(η̄i+1)

≤
δi, j

2
z2

i
(︁
K2

i, j(η̄i+1)+h2
i, j
)︁
+

1
2δi, j

where hi, j = max{gi,mci+1,hi, j, h̄i, j} and δi, j > 0 is a design constant. Substituting the above inequalities
into Equation (34) yields

V̇i, j ≤V̇i−1, j + zi
(︁
Fi, j(Q̄i)+Gi, j(η̄i+1)αi

)︁
+λi

(︃
−λi

τi
+Mi−1(·)

)︃
+

1
2δi, j

+
1
2

z2
i+1 +

1
2

λ
2
i+1 −

1
κ

θ̃
T
i, j

˙̂
θi, j (35)

where Mi−1(·) = −α̇i−1, Fi, j(Q̄i) = fi, j(η̄i,0)+
δi, j
2 zi(K2

i, j(η̄i)+ h2
i, j)+ ziG2

i, j(η̄i+1)− α̇c
i and the RBF

approximation error satisfies |εi, j(Qi)| ≤ εi. According to Lemma 2, it follows that

ziFi, j(Q̄i)≤
ci, j

2
z2

i θi, j
⃦⃦

Φi, j(Qi)
⃦⃦2

+
1

2ci, j
+

1
2

z2
i +

ε2
i
2

(36)

where θi, j = ∥ϑi, j∥2. Substituting Equation (36) into Equation (35) yields

V̇i, j ≤V̇i−1, j +λi

(︃
−λi

τi
+Mi−1(·)

)︃
+ zi

(︃
1
2

zi +
ci, j

2
ziθi, j

⃦⃦
Φi, j(Qi)

⃦⃦2
+Gi, j(η̄i+1)αi

)︃
+

1
2

z2
i+1 +

1
2

λ
2
i+1 −

1
κ

θ̃
T
i, j

˙̂
θi, j +Ξi, j (37)

where Ξi, j =
1

2ci, j
+

ε2
i
2 + 1

2δi, j
. With the adaptive law (Equation (22)) and the virtual control law

(Equation (23)), it follows from Equation (37) that

V̇i, j ≤V̇i−1, j − li, jz2
i +λi

(︃
−λi

τi
+Mi−1(·)

)︃
+

1
2

z2
i+1 +

1
2

λ
2
i+1 +

1
κ

θ̃
T
i, jθ̂i, j +Ξi, j. (38)

The Lyapunov function candidate for the j-th subsystem is chosen as Vj = Vn−1, j +
1
2z2

n +
1
2λ 2

n +
1

2κ
θ̃ T

n, jθ̃n, j. Taking the time derivative of Vj along the system trajectories and invoking Equations (13),
(18), (19) yields

17



Adv. Equip. Article

V̇j = V̇n−1, j +λn

(︃
−λn

τn
+Mn−1(·)

)︃
− 1

κ
θ̃

T
n, j

˙̂
θn, j

+ zn
(︁

fn, j(η̄n,0)+Hn, j(η̄n+1)+Gn, j(η̄n+1)u− α̇
c
n
)︁

(39)

where Mn−1(·) = −α̇n−1. Define Fn, j(Q̄n) = fn, j(η̄n,0)+
δn, j

2 zn(K2
n, j(η̄n)+h2

n, j)− α̇c
n and assume that

the approximation error satisfies |εn, j(Q̄n)| ≤ εn. According to Lemma 2, one has

znFn, j(Q̄n)≤
cn, j

2
z2

nθn, j
⃦⃦

Φn, j(Qn)
⃦⃦2

+
1

2cn, j
+

1
2

z2
n +

ε2
n
2

(40)

where θn, j = ∥ϑn, j∥2. Substituting Equation (40) into Equation (39) yields

V̇j ≤ V̇n−1, j +λn

(︃
−λn

τn
+Mn−1(·)

)︃
− 1

κ
θ̃

T
n, j

˙̂
θn, j +Ξn, j

+ zn

(︃
cn, j

2
znθn, j

⃦⃦
Φn, j(Qn)

⃦⃦2
+

1
2

zn +Gn, j(η̄n+1)u
)︃

(41)

where Ξn, j =
1

2cn, j
+

ε2
n
2 + 1

2δn, j
. With the adaptive law (Equation (22)) and the actual control input

Equation (20), it follows from Equation (41) that

V̇j ≤ V̇n−1, j − ln, jz2
n +λn

(︃
−λn

τn
+Mn−1(·)

)︃
+

1
κ

θ̃
T
n, jθ̂n, j +Ξn, j. (42)

According to [37], there exist positive constants M∗
i−1, i = 2, . . . ,n, such that Mi−1(·)≤ M∗

i−1. Applying
Young’s inequality yields λiMi−1(·) ≤ 1

2λ 2
i + 1

2M∗2
i−1, 1

κ
θ̃T

i, jθ̂i, j ≤ 1
2κ

θ̂T
i, jθ̂i, j − 1

2κ
θ̃T

i, jθ̃i, j. By Lemma 3,
one has

n

∑
i=1

(︃
1
2

z2
i

)︃1−ϖ1

≤
n

∑
i=1

1
2

z2
i +ϖ1(1−ϖ1)

1−ϖ1
ϖ1 , (43)

n

∑
i=2

(︃
1
2

λ
2
i

)︃1−ϖ2

≤
n

∑
i=2

1
2

λ
2
i +ϖ2(1−ϖ2)

1−ϖ2
ϖ2 , (44)

n

∑
i=1

(︃
1
2

θ̃
T
i, jθ̃i, j

)︃1−ϖ3, j

≤
n

∑
i=1

1
2

θ̃
T
i, jθ̃i, j +ϖ3, j(1−ϖ3, j)

1−ϖ3, j
ϖ3, j . (45)

Moreover, by Lemma 4, it follows that

−
n

∑
i=1

(︃
1
2

z2
i

)︃1−ϖ1

≤−

(︄
n

∑
i=1

1
2

z2
i

)︄1−ϖ1

, (46)

−
n

∑
i=2

(︃
1
2

λ
2
i

)︃1−ϖ2

≤−

(︄
n

∑
i=2

1
2

λ
2
i

)︄1−ϖ2

, (47)

−
n

∑
i=1

(︃
1
2

θ̃
T
i, jθ̃i, j

)︃1−ϖ3, j

≤−

(︄
n

∑
i=1

1
2

θ̃
T
i, jθ̃i, j

)︄1−ϖ3, j

. (48)

Combining Equations (43)–(48) yields
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−
n

∑
i=1

1
2

z2
i ≤−

(︄
n

∑
i=1

1
2

z2
i

)︄1−ϖ1

+ϖ1(1−ϖ1)
1−ϖ1

ϖ1 , (49)

−
n

∑
i=2

1
2

λ
2
i ≤−

(︄
n

∑
i=2

1
2

λ
2
i

)︄1−ϖ2

+ϖ2(1−ϖ2)
1−ϖ2

ϖ2 , (50)

−
n

∑
i=1

1
2

θ̃
T
i, jθ̃i, j ≤−

(︄
n

∑
i=1

1
2

θ̃
T
i, jθ̃i, j

)︄1−ϖ3, j

+ϖ3, j(1−ϖ3, j)
1−ϖ3, j

ϖ3, j . (51)

In view of Equations (49)–(51), it follows from Equation (42) that Equation (25) holds.
Without loss of generality, assume that the h̄-th subsystem is active before the switching instant tk.

Then, it follows that

Vj(tk)−µVh̄(t−k ) =
1

2κ

n

∑
i=1

(θ̃T
i, jθ̃i, j −µθ̃

T
i,h̄θ̃i,h̄)+

1
2
(z2 −µz2)+

1
2
(λ 2 −µλ

2). (52)

where z = [z1, . . . ,zn]
T and λ = [λ2, . . . ,λn]

T. Noting that θ̃i, j = θ̃i, j − 1
2 θ̃i,h̄ +

1
2 θ̃i,h̄ and recalling that

µ ≥ 1, inequality (Equation (52)) can be equivalently rewritten as Equation (26).
Remark 5: Unlike conventional backstepping approaches, the proposed virtual control law αi

incorporates mode-dependent control gains li, j and the gain-related parameters gi,m. This structure
allows the controller parameters to be adjusted according to the active subsystem, offering greater
design flexibility than a common-gain configuration. However, the mode-dependent design may introduce
discontinuities in the virtual control signals at switching instants. Their boundedness must therefore be
examined when establishing the stability of the switched closed-loop system.

Remark 6: The virtual control laws depend on the active subsystem through the adaptive estimates and
design parameters, and may therefore exhibit discontinuities at switching instants. Since Mi−1(·) =−α̇i−1

is defined along intervals with a fixed active mode, it may be undefined at switching instants. Moreover, the
boundedness of the virtual control signals alone does not guarantee that Mi−1(·) is uniformly bounded. If
the corresponding one-sided time derivatives remain uniformly bounded along the admissible trajectories,
a finite constant M∗

i−1 > 0 can be chosen such that |Mi−1(·)| ≤ M∗
i−1 on all switching-free intervals.

Appendix B. Proof of Theorem 1

Proof of (S1): By Lemma 1, together with Equation (25)–(26), it follows that V (T ) ≤ (V ρ

σ (0)(0)+

d2
µ−1 )µN0 e

T ln µ

τd − d2
µ−1 −ωρT . Hence, the Lyapunov function V (t) remains bounded for all t ∈ [0,T ).

According to Equation (24), the boundedness of V (t) implies that the signals z1, . . . ,zn, λ2, . . . ,λn, as well
as the parameter estimation errors θ̃i, j, i = 1, . . . ,n, j = 1, . . . ,m, are all bounded. Furthermore, in view of
Assumption 1, the transformed system states s1, . . . ,sn are bounded. Owing to the switching-dependent
model transformation (Equation (17)), the constrained switched system is equivalent to the transformed
unconstrained system. Consequently, the original system states η1, . . . ,ηn are also bounded. Following
standard arguments in [36,37], it can be further concluded that the virtual control signals αi, the actual
control input u, and the nonlinear functions fi,σ (η̄i,ηi+1) and fn,σ (η̄n,u) remain bounded on [0,T ).
Therefore, all closed-loop signals of system (Equation (1)) are bounded on [0,T ).
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Proof of (S2) and (S3): Due to the discontinuity of the switching-dependent PPBs at switching
instants, it is necessary to verify whether the tracking error ey(t) satisfies the prescribed constraints. At
each switching instant, Equation (17) and the uniform boundedness of T̄ ′

j,h̄(εh̄) imply that the transformed
error associated with the newly activated subsystem remains finite. Applying the inverse transformation
of Equation (15) then yields

−δmin <
ey(t+k )

Q j(tk)
< δmax.

Hence, the prescribed performance constraint is preserved across subsystem switching. From Lemma 5, it
follows that along the closed-loop trajectories, the Lyapunov function Vj satisfies Equation (25) during
switching intervals and Equation (26) at switching instants. By invoking Lemma 1 and under the ADT
condition τd > ln µ

ωρ
, the finite-time convergence of V (t) is guaranteed. This condition ensures that the

tracking error ey(t) converges to the residual set within a finite time. Since all closed-loop signals are
bounded, the prescribed performance constraint on the tracking error is always satisfied. According to
the switching-dependent PPBs Equation (14), the coordinate transformation (Equation (18)), and the
first-order filter (Equation (19)), the transformed error system converges practically in finite time. In
particular, the convergence time to the residual set is explicitly characterized by Equation (7), which
completes the proof.
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