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Highlights:

* Quadrotor dynamic model based on data and neural network differential equation methods.

¢ Faster neural network-based Model Predictive Control with the Jacobian method.

Abstract: This study presents a neural network-based predictive control (abbreviated as NNMPC in
subsequent content) approach for quadrotor tracking. By learning dynamical behaviors from experimental
flight data, a neural ordinary differential model (NODM) is built first, which is particularly suitable for
situations where aerodynamic conditions are complex and difficult to model formulaically. Subsequently,
the NODM is used for designing the predictive control by considering the constraint conditions. Here,
the proposed method uses a linearized model of the NODM established to effectively handle the neural
network system for predicting the states, reducing the computation time. Finally, simulation results show

that the proposed method can achieve a good tracking performance.
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1. Introduction

The significance of unmanned aerial vehicles (UAVs), commonly referred to as drones, is growing across
numerous domains. Their applications include object tracking, exploration of hazardous or inaccessible
areas, atmospheric detection, post-disaster operations, etc. [1,2]. Drones are becoming more stable and
reliable, making them ideal for use in a variety of settings.

The key problem in UAV control is to do navigation [3]. This requires the system to have
an accurate tracking control function. Researchers have developed various methods to improve the
position tracking accuracy of quadrotor UAVs. One of the most popular approaches is to use the
model predictive control (MPC) method [4, 5, 6,7]. Because of its capacity to handle MIMO systems with
constraints, including input/output limits to ensure physical feasibility and state constraints to preserve

desired operating conditions. This capability makes the MPC method ideal for real-world applications [8].
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Furthermore, the MPC method benefits from its capacity to consider both the target path and the anticipated
system behavior over a future time window, known as the prediction horizon [9]. This enables the controller
to proactively adjust actions by anticipating future needs and constraints, resulting in improved tracking
performance and stability, particularly amid disturbances or delays.

However, the MPC method depends significantly on the accuracy of the system model [10], and
quadrotor dynamics is influenced by complex aerodynamic effects such as hub force, rolling moment
effect, and blade flapping, which cannot be fully captured by linear and non-linear models [11]. The
main challenging work in the control design is the modeling of quadrotors, especially in aerodynamics
modeling. The work in reference [12] employed a state-dependent coefficient representation to incorporate
non-linear characteristics within a quasi-linear system matrix, facilitating the derivation of an equivalent
linearized model suitable for the MPC method. In reference [13], the authors develop a dynamic model
that accounts for both linear and complex nonlinear effects to capture the full translational dynamics,
thereby mitigating the impact of UAV irregular shapes and low Reynolds number behavior. Another
possible approach to dynamic optimization is to apply learning-based methods, which is an important
approach for modeling nonlinear systems [14]. In reference [15] the authors established a neural network
(NN)-based MPC to demonstrate the effectiveness of deep learning in inferring helicopter dynamics, while in
reference [16] the authors employed Gaussian processes to create a hybrid model that integrates dynamics with
a neural network, enabling real-time feedback control to account for aerodynamic effects at high speeds. In
reference [17] the authors present a modified MPC method with a neural network compensation to handle the
disturbances. However, the methods presented in references [13,14,17] fail to capture complex aerodynamic
behaviors, while the methods presented in references [15,16] rely on large-scale neural networks, which may
lead to increased computational demands.

This paper presents a linearized neural model-based MPC method trained by neural network
differential equations (NNODE?s), which can better fit physical behavior in nature [18]. Unlike existing
MPC methods, the proposed method is to use the neural network-based linear model for designing MPC
for the quadrotor control. The advantages of the proposed method include: (1) It can still include complex
aerodynamic behaviors; (2) It can reduce the computational load. The contributions of the paper are
summarized as follows:

e Model the quadrotor dynamic characteristics based on data and neural network differential equation

methods and linearize the neural model by the Jacobian method.

e An improved MPC method is developed based on the neural linear model and the neural
network-based Model Predictive Control (NNMPC) controller is implemented for tracking different
kinds of trajectories.

The subsequent sections of this paper are structured in this manner: Section 2 provides a mathematical
description of the system model and discusses relevant complex aerodynamic influences. Section 3
introduces some adopted algorithms and methods for designing the controller. Section 4 describes
the experimental process in detail, evaluating the performance of the NNMPC controller under

different conditions.
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2. Model of quadrotor
2.1. Newton-Euler model of quadrotor

The basic configuration of a quadrotor is shown in Figure 1, the length of each arm length is /, and the
attitude of the quadrotor is represented by three Euler angles 1: roll ¢, pitch 6, and yaw y. Two frames of
reference are defined: the inertia frame (x,y,z), and the body frame (xg,ys,zg), whose origin is attached
to the center of mass of the quadrotor. The position of the quadrotor in the inertial frame is defined as
& = [x,,z] € R?, while linear velocities are defined as V3 = [Vx,BsVy,B,V2,B] € R3. Transformation from the
body frame to the inertial frame is achieved using the rotation matrix R € R>*3 belonging to the special
orthogonal group SO(3) := {R € R**3|RTR =1,det(R) = 1}. The angular velocities in the body frame

are defined as wp = [p,q,r]|"

Figure 1. The inertial and body frames of a quadrotor.

The rotors generate thrust 7" along the z-axis Zp in the body frame, while torque 7p is the set of the
torques Ty, Tg, and Ty corresponding to rotations in the body frame. The angular velocity and acceleration

of the rotor also generate torque Ty, = ba)l.2 + Iy @; around the rotor axis:

4 4 0
T=Yfi=kY o, Tz=|0 (1)
i=1 i=1 T
Ty lk(— 03 + @F)
= |19 | = |Ik(—0? + ©32) 2)
Ty Z?:l ™;

where k represents the lift constant and b denotes the drag constant, and Iy is the rotor’s moment of inertia,
which is omitted in this case because its effect is too small. The square of the rotational speed coi2 is
defined as the control input ;. Assuming the quadrotor behaves as a rigid body allows its dynamics to be

characterized using the Newton-Euler (N-E) equations, presented as follows:
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where m defines the mass of the quadrotor, g is the acceleration of the gravity, and I = diag (I, Iy, I;;) is

defined as the rotational inertia matrix.

2.1.1. Aerodynamic effects

The commonly used mathematical model is a simplified ideal situation omitting the effect of f,., and Tyero-
In order to give a more realistic representation of the dynamics of a quadrotor, the effect of air resistance
needs to be taken into account. An object’s speed significantly influences the aerodynamic forces acting
upon it, which in turn directly impacts its acceleration through drag, lift, and airflow separation [19],
which is difficult to model. In [16], the authors model complex aerodynamics using Gaussian processes
while empirical equations based on aerodynamic coefficients can also be used, which will be discussed in

the simulation part.

2.2. Neural model

A neural state-space model is a type of nonlinear state-space model where neural networks
can be used to model the state-transition and measurement functions like (3) and (5): An
ordinary differential equation (ODE) can model the evolution of a state y over time ¢ in a dynamical
system in the real world, while a neural ODE arises when the system’s state function f(-) is replaced by a
neural network NN (-), effectively learning and computing the solution to the ODE.

We can get a neural ODE simply by converting it into integral form:

x(t) =x(to) + ZINN(x(t’)7 0(t"),t")dt’ (6)

During the learning process, the deep learning ODE solver works based on an explicit Runge-Kutta
formula. For an initial value problem (IVP) of first order:

%= f(x,u,1)

x(to) = xo

(7

Based on the initial conditions, we can follow the recursive relationship to find the numerical solution
x(t),t =1,2,...,N,... in a sequence and optimize a scalar-valued loss function .Z'(-), whose input is the

result of an ODE solver:
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Lx(n)=% <x(t0) + ! f(x(t),t,@)dt) = Z(ODESolve(x(19), f,t0,11,6)) (8)

Ty

Methods in Figure 2 obtain the state at the next moment from previous state-changing rates and
control inputs through an integration step. The method used in this manuscript replaces the state function
f(+) with a neural network (NN(-), which means that the dynamical model of the system is learned or
represented by a neural network. During the training process, an MLP network NN(-) that has a structure
as shown in Figure 3 characterizes the target quadrotor state function built with N-E equations. Then
the deep learning ODE solver imposes the initial conditions xg at the initial time 7y, and integrates the
ODE from 1y to #;, and finally provides the solution evaluated at specified instants for calculating the
loss. In cases where the state X = [, 9,2, 0, 0, W, Vi, Vy, Vo, P, g, 7] is difficult to get an analytical solution,
data-driven modeling (gray- or black-box modeling) can be a useful alternative, and this process will be

discussed in the simulation study section.
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Figure 2. Neural state-space inputs and outputs.
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Figure 3. Basic structure of an MLP network.

3. Methodology

This section describes the methodologies for the NNMPC method, covering the design of the model
predictive control system, the training process for the neural ODE, and the Jacobian linearization of the

trained object.
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The controller follows a cascade feedback control involving two controllers: the position controller is
designed to generate a thrust 7, while the attitude controller is used to generate the desired rotor control
input®;. The whole diagram of the proposed approach is given in Figure 4, and the overall system will
be analyzed.

desired thrust Ty
desired position §4 .
position
controller
torque T
desired 4 6, UAV plant
rotor control input
desired y, attitude
controller
actual Euler angle n
1 angular velocity wg

actual position §
linear velocity vg

Figure 4. Closed-loop scheme of quadrotor control.

3.1. Nonlinear MPC algorithm design

MPC leverages online optimization to guide system behavior. At every discrete time instant k, the MPC
algorithm addresses an optimization problem utilizing the current system state as a starting point. The
goal is to determine the optimal sequence of control inputs within a specified control horizon N, that will
steer the system towards a desired setpoint over a predefined prediction horizon N. After computing this
optimal sequence, only the first control input is applied to the system, and the process is repeated at the
next time step, incorporating the updated system state. By sampling at specific time points, a continuous
state function can be discretized. Consider a system represented by the following nonlinear state-space

model in discrete time:
xX(k) = f(x(k),u(k))
y(k) = g(x(k))

Here, the functions f(-,-) and g(+) are assumed to be continuously differentiable. The state vector x(k)

(€))

encompassing positions, angles, and velocities [x,y,z, 9, 6, W, vy, vy, v;, p,q,r] € R" are the state variables,
u(k) € R™ are the control inputs, and y(k) € R? are the output variables. The equilibrium control input in
the case of hover is u; = %. The nonlinear model predictive control (NMPC) hlmethod aims to stabilize
the dynamic system described by x = f(x,u) such that it follows a reference trajectory 7(¢), by minimizing

the cost function .Z(x,u). The NMPC problem can be expressed in the form of:

min /J(x,u) 9)
u
subject to X% = fuy,(x,u)  x(to) = Xinir
r(x,u) =0
h(x,u) <0

(10)

where x( denotes the initial condition and A, r are equality or inequality constraints like input limitations.
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3.2. Linear MPC algorithm design

Denote the operating point as [ug(k),xo(k),yo(k)] such that the original condition of the system is:

f(xo(k),up(k)) =0

11
yo(k) = g(xo(k))
with
d d d
A:a—f(x,u) ,Bza—f(x,u) ,C:a—g(x,u) (12)
X x=ux (k) u=uo (k) u x=xo (k) u=ug (k) * x=xo (k)

And the corresponding linear time variant model is

x(k+1)=A(k)x(k)+ B(k)u(k), 13

y(k) = C(k)x(k)
For the above process model, the purpose of designing the controller is to minimize the cost function

_# and get the optimal input trajectory over the control horizon:

N Nu—1
J(k) =Y |lr(k+ jlk) = yp(k+ jlK)|[o+ Y [lAu(k+ jlk)||z, (14)
j=1 j=0

This involves the weighting matrices Q € RP*?, semi-positive definite and R € R™*™, positive
definite. The prediction of the future states of the control system is partially calculated by
Equation (13): During the optimization process, F(k) = [r(k+ 1]k)---r(k+ N|k)| denotes the reference
trajectory of the system at the sampling instant k, yo(k) = [yo(k + 1|k)---yo(k + N|k)] denotes the
fundamental component, y,(k)=[y,(k+1|k)---y,(k+N|k)] denotes the predicted output, and
Aii(k) = [Au(k|k) - - Au(k+ N, — 1]k)] denotes the increment of the control inputs sequence, where
Au(k + jlk) = u(k+ jlk) —u(k — 1+ jlk). The system employs a predictive horizon N where 1 <N
and a control horizon N, subject to 0 < N, < N, and the optimization process must also adhere to

certain constraints:

umingu(k‘i_ﬂk) <tmax, j=0,1,...,N,—1, (15)
Attrin < Aulk + jlk) < Awmax, j=0,1,...,N,—1, (16)
Ymin < y(k+]|k) Symaxy j: 1727---7N- (17)

Then the cost optimization problem can be expressed in the following form:

Eb?) [17(k) = Fo(k) — M(k)Aa(k) [+ ||Aa(k)| [,

st — Allmay < Aii(k) < Aliay
fimin < i1 (k) + HAG() < fimax (18)
Fmin < Fo(k) + M(K)AG(K) < Fimax
Su(k) = A(k) 8y (k) + B8, (k)

where 9,() and §,(¢) are system deviation variables and
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0
I I --- 0
H — ' ) . ) 6 %Numeum (19)
I 1 1 1
[ CB 0 1
C(A+1I)B 0
M(k)= [C(AN ...+ DB - CB € RNpxNum (20)
CAN+...+1)B - C(A+I)B
_C(AN_I—l—---—l—I)B C(AN—NM+...+])B_

The standard quadratic programming problem form is:
min %AUTWAU +c’AU
st. AUnpin < AU < AUpax e2y)
GAU <b

where the coefficient matrices and vectors are
AU = Aii(k) € RNem

W =2(M (k)" QM (k) + R) € RN Num,

¢ = —2M (k)" Q(F(k) — yo(k)) € R,

T
G=|-H H —M(k) M(k)| €REN+2NumpxNun 22)
—Umin + l/_lO(k)
h— ﬁrilax - ﬁf)(k) c R2Np+2Num
—Ymin + Yo (k)
ymax - )_’O(k)

The positive definiteness of W ensures that the objective function (22) is strictly convex, and the
optimization problem (21) possesses a unique solution that satisfies the KKT optimality conditions. Solving
the quadratic programming problem (21) yields the control action vector Ai(k), which is subsequently

used to determine the optimal control inputs.

3.3. Dynamic linearization of neural network

Since the nonlinear neural network-based MPC needs a high computational load, a neural linear
model-based MPC is proposed. The idea of the dynamic linearization process is to extract a linear
model from the trained neural network object NN(-) at each time instant k. The goal is to calculate the

time-variant parameters a;(k) and b;(k) of the IVP system (7), and these parameters are computed by
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first-order Taylor series approximation from the measurement of the system outputs:

8y(), 3y(),
oy(k—i) FEW ~ Qulk—i) Y

where y = [y(k),....,y(k—N),u(k),...,u(k — N,)]T is the regression vector, and the derivation can be

an(k) = ) bak) = (23)

derived from the back propagation process of the neural network [20].

Consider the nonlinear neural differential equation x(¢) = f(x(¢),u(t)) where f(-) is the neural
network which maps the state from the previous instant x;_ | and the current control input uy to the current
state derivative xy, and there exists a specific control input # € R” such that f(x,i) = 0. Then define

small perturbations near the equilibrium x:

Ox(t) =x(t) —x,0,(t) = u(t) —u (24)
The Taylor expansion form of the NODE can be written as:
: d d
s~ e+ S a0+ S e @5)

This linearized, time-invariant differential equation effectively governs the deviation variables O, (¢)
and 0,(t), provided they remain small. This approximation neglects higher-order terms. Consequently,
the derivatives delta, are expressed solely as linear combinations of the state deviations &, and input

deviations 0,. For more complicated situations, there are state equations in the form of:
(1) = f(x(1),u(t),d(t),t) (26)

where d(t) is the external disturbance that causes small deviations. In the real world, pre-planned
input u is needed to correct for these deviations. Consequently, it is crucial for the model to capture
how minor variations in the input, i(¢) + 8,(¢), and the disturbance, d(t) + 8,(t), influence the system’s
resulting trajectory. Denoting x(¢) as a deviation from %(7) and defining dx(r) = x(r) — X(¢), we have

x(t) = x(t) + 6(t), now the real-world problem is:

E(1) 4+ 8(1) = f(x(1) + 8e(1), al(t) + 8u(1),d(2) + 84(1). 1) 27
and the disturbance &, can be approximated:
- df af
6c(t) = == | x(n)=x(r) (1) + 5 | x(t)=x(¢) Ou(t) + =7 | x(r)=x(r) Oa(t) (28)
O )=t 9 L ie)=aty o)~
d(t)=d(t) d(1)=d(t) d(t)=d(t)

The Jacobian matrix A, By, and B; can be extracted from the mapping relations of the neural network.

Finally, the deviation variables can be approximately estimated:

5u(t)] 29)

5.0) =AW+ [Bi()) Ba(r)] [M

This is the linearization of the system with respect to the trajectory [(z),ii(t),d(t)], which is a
generalization of the linearization about a set of equilibrium points: the linearization about one equilibrium

point can produce linear time-invariant (LTI) systems, while with the aid of matrices A(r), Bi(¢) and
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B;(t) consisting of time-varying elements, the linearization about trajectories can be expanded to a linear
time-varying (LVI) system.

Figure 5 shows the whole NNMPC scheme based on the neural network method: The NN model
is trained using the generated data X and U. NODE:s are applied to capture the nonlinear dynamics
of the quadrotor that might not be fully represented by the linear model, and then Jacobian matrices
are extracted through the dynamic linearization process, providing a linearized model for designing the
NNMPC controller. Finally, a Gaussian noise signal d, representing potential external disturbances, is

added during the process to assess the effectiveness of the NNMPC controller.

trajectory points X control inputs U
I I
: : training
Dynamic | |
; Linearization
Linear
model NN model
X4 noise d
HNMFC i UAV plant u
controller & p

Figure 5. Block diagram of neural network approach to design the NNMPC controller.

4. Simulation study

In this section, the control performance of the proposed algorithm is illustrated by simulations, and all of
these are trained and implemented in MATLAB. To qualitatively evaluate the developed NNMPC, the
tracking flight is simulated using both the NMPC controller based on the N-E model and the NNMPC

controller based on the trained neural state model with different types of trajectories.

4.1. Aerodynamic model

As is discussed in Section 2.2, the original linear accelerations [%,, )‘io,'z'O]T are calculated from Equation (3)
and angular accelerations [p,, g,,7,]T are calculated from equation (5), while a more complex aerodynamic

model given by empirical equations can be used to simulate these impacts:

i X, X x|
V| = |3o| +Ax y+0yl (30)
Z Zo | 24202+ /2 32+ (2 5P
] [Po V]
G| = go| +Ax | %+ x|%] (31)
| 7 ¥y x+y

where Ay is the aerodynamic coefficient.

10
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Table 1. Related quadrotor parameters.

Parameter Value Remark

g 9.81 m/s?
m 2.0 kg

) 0.25 m

k 1

b 0.2
Ag 0.2 kg/s
Ly 1.2 kg m?
Ly 1.2 kg m?
I, 2.3 kg m?

Related quadrotor parameters in equation (1) and (2) used in the simulation are listed in Table 1.

4.2. Neural state model training

For training the neural state model, raw data generated from the simulation experiments are
divided into chronological groups as training data, each containing / consecutive trajectory points
xXi = [x,9,2,0,0,¥,%,y,%,p,q,r]|, corresponding control inputs, u; and timestamps k;. These timestamps
of trajectory points with the time span of Tsx/[. During the training process of neural differential
equations, modified akima interpolation is used to supplement discrete points x; with approximate gradient
information £ to provide smooth curves and avoid the Runge phenomenon [21].

Take sample 1 as an example, as is illustrated in Figure 6, sample 1 contains [ trajectory points
[x1,X2,...,x;] and corresponding control inputs [u1,uy,...,u;]. These data are packed with a time span from

1 to T's [, where T's is the sampling interval during simulation.

Data [x, u]

[x;, wl [xw, unl
[x2, ug]

[x1, uq]

1
1
1
1
1
1
1
:
1
i SAMPLE 1
:
i

\

time

k-1 k k1 k2 kit == kN

Figure 6. The structure of training data.

The loss function with the regularization term is given by:

~

1 ¥ 1
Vn(0) = ) [e(t,0)| + A8 (32)
t=1

11
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where ¢ is the timestamp, N is the batch size, € is the mean absolute loss, 6 is a concatenated vector of
weights and biases of the neural network, and A is the regularization constant. During the modeling
process, a MLP network characterizes the target neural ODE function, and the hidden layer size is set to
be [24,32,64,128,128,128,64,32,24] in the MATLAB Deep Learning Toolbox.

Figures 7 to 10 illustrates the neural network model prediction outputs during the training process. By
treating data as continuous, neural ODEs more flexibly and accurately capture subtle trends over extended

time horizons, and the neural network is capable of modeling the corresponding dynamic equations for
different orders of magnitude of data from le~! to le! in training samples.

T T - ™ T T
. QE\_“\‘—"— "':l_ — i S
e L 5 .
0 1 2 3 4 B Pregiced "y 2 4

0

s L
6 8 10
T
L

8

4 T T T T 4 T
] A . Tty [ " . L
0 2 4 6

- — = Tum
Predicted

x1

x12

Figure 10. Validation results for angular velocity [p,q, r].

Figure 11 shows that the MAE loss is drastically reduced during training.

12
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Figure 11. Trend of loss.

Figure 12 compares the prediction outputs of the neural state model with the measured position in
the test data under the same control input u;.s;. The result indicates that the neural network model is able

to predict the non-linear dynamic characteristics of the quadrotor with good accuracy for given inputs.

Quadrotor x position Quadrotor y position Quadrotor z position

actual - / \ actual Y actual

= = reference = = = reference - N 9 > i reference
~ 7
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
time time time
5 Quadrotor phi angle 5 Quadrotor theta angle 7 Quadrotor psi angle

% 0 4-\\‘/"\_0/—’—"\ ﬁ 0 W_ — g 0" e el
A actual gl actual gl actual
= = = reference = = = reference = = = reference
-2 -2 -2
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
time time time

Figure 12. Comparison between neural model output and measured data.

4.3. MPC implement

The design and evaluation of the MPC controller focus on investigating two key aspects: (i) assessing
the impact of the dynamics learned by the NNMPC within a closed-loop trajectory tracking scenario,
and (ii) evaluating the performance of the NNMPC relative to conventional nonlinear MPC approaches.
Related simulation parameters used in the MATLAB Control System Toolbox are listed in Table 2.

13
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Table 2. Control parameters used in simulation.

Parameter Value Remark
T 0.1 sample time (s)
0 diag[1.5,5,5,1,1,1,0,0,0, 0, 0] weights over x;
R diag[0.1, 0.1, 0.1, 0.1] weights over uy

Each control input u; is limited within 0 < u; < 3, which means that each rotor force is within
0 < f; <O9N, and the total thrust 7 is within 0 < 7 < 36N. In the simulation, the UAV plant
executes three different shapes of trajectories: orbital trajectory in the horizontal plane R;; defined
by [x(¢) = 3sin(0.27t);y(¢) = 3sin(0.27¢);z(¢) = 3,orbital trajectory in 3D space R, defined by
[x(¢) = 3sin(0.27t);y(¢t) = 2 + 3sin(0.27t);z(¢) = 2+ cos(0.27t)], and lemniscate in 3D space R;3
defined by [x(t) = —65sin(0.27t);y(t) = —65sin(0.27t) cos(0.27t); z(t) = 6 ¢cos(0.27t)]. These trajectories
are illustrated in Figure 13.

Quadrotor horizontal circle trajectory Quadrotor 3D circle trajectory Quadrotor 3D lemniscate trajectory

starting point
starting point

3 5 6

2.8 o
25

264
E 3 2
N 2.4 52 =
o & £,

22 = &

O starting point 15 -
2 2
1 5
1.8 4
16 ///2 05 //2 . 0
T o B / 0 G e e— /
2 0o T =2 4 T 2 4 T/ 5
-2 b e 0 Px [m] 20 2 4 g Px [m]
Py [m] x[m Py [m] Py m]

Figure 13. Applied trajectories in simulation, from left to right are R;;, Ry and Ry3.
4.3.1. Case 1: tracking performance

In this simulation, we evaluate the tracking performance of NNMPC with trajectory R, the position
[x,y,7] and the attitude [¢, 0, y] of the quadrotor are illustrated sequentially in the simulation result along
the time axis.

It is observed in Figure 14 that the controller demonstrates good trajectory tracking capabilities in the
horizontal plane [x,y], as evidenced by the close alignment between the actual trajectory (blue solid line)
and the desired trajectory (orange dashed line). Initially, the quadrotor needs to ascend to reach the target
trajectory plane since it takes off from a lower height with an error of 1m. Despite this initial climb, the
controller successfully stabilizes the position, highlighting its effective tuning and ability to maintain a
consistent height.
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Figure 14. The tracking performance of trajectory Ry

4.3.2. Case 2: influence of the sample length

For the orbital trajectory R in 3D space, Figures 15 and 16 illustrate how the length / of each sample in

the training data impacts the effectiveness of the NN model for the controller: when trained by shorter

samples, as is shown in Figure 15, the model struggles to track the desired trajectory accurately, as seen in

the tracking error exceeding 1.5 m between the actual output R, and reference path R, particularly at the

peaks and troughs of the trajectory.

Quadrotor x position

fy /

actual
= = = reference

4
0 5 10 15 20
time
i Quadrotor phi angle

phi
—
%

theta

actual
= — = reference

0 5 10 15 20
time

Quadrotor y position

actual
= = =reference

o 5 10 15 20

time
Quadrotor theta angle

actual
— — —reference

o 5 10 15 20

time

psi

=

ey

Quadrotor z position

T \ N r \
\ ; "
\
\ i
\
actual
= = =referance
0 5 10 15 20
time
Quadrotor psi angle
actual
= = =reference
0 5 10 15 20

time

Figure 15. The tracking performance of trajectory R;, with NN model trained with

sample length [ = 51.

By contrast, increasing the length of each training sample can significantly improve the model’s
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effectiveness. The predicted output X = [x,y, z] aligns more closely with the actual positions, demonstrating

better accuracy in all three dimensions. Furthermore, the quadrotor’s attitude 1 = [¢, 6, Y] is also controlled

more precisely.
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Figure 16. The tracking performance of trajectory R, with NN model trained with

sample length [ = 151.

4.3.3. Case 3: comparison between NMPC and NNMPC

For the lemniscate trajectory R;3 in 3D space, Figure 17 illustrates that for more complex nonlinear

features like sin(z) x cos(z), the NNMPC controller can also perform well, while Figure 18 shows the

tracking performance of the NMPC controller on the same trajectory.
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Figure 17. The tracking performance of NNMPC controller on trajectory Ry3.
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Figure 18. The performance of traditional NMPC controller on trajectory R3.

Figure 19 presents the tracking errors, specifically the norm of the position error E, = |X; — X | and

the attitude error Ep = [Ny —1|. A key observation, particularly within the initial five seconds, is the

significantly faster response of the NNMPC compared to the NMPC, which exhibits a large initial position

error (approximately 2 m). While the NNMPC trajectory shows minor oscillations after the initial phase,

this behavior might stem from factors including the linearization process which simplifies dynamics by

omitting higher-order information and the influence of inherent noise within the training data used to build

the neural network model.
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Figure 19. The absolute tracking error contrast between NMPC and NNMPC.
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When applying the NNMPC controller, the best practice to improve computational efficiency is to
implement Jacobian matrices A and B with time-varying elements defined in Equation (29). The tracking
performance contrast between controllers with and without Jacobian linearization is shown in Table 3. It
can be found that regardless of the type of desired trajectory R, the linearized NNMPC controller can

reduce the calculation time by 40-50 percent while ensuring the tracking effect.

Table 3. Comparison of control computing time (unit: seconds).

Trajectory With Jacobian Linearization =~ Without Jacobian Linearization
Horizontal Circle R 287.758 656.801
Spatial Circle R, 342.340 616.832
Spatial Lemniscate R ;3 360.976 564.008

Moreover, linearized NNMPC demonstrates superior robustness compared to NMPC when subjected
to external noise, successfully completing tracking tasks where NMPC failed. Therefore, the minor
oscillations can be seen as a trade-off for achieving faster response times and enhanced robustness in more
realistic, noisy conditions.

Based on the evaluations across the three test cases, the proposed NNMPC controller demonstrates
several improved features: (1) the capability to effectively manage complex aerodynamic behaviors
learned from data; (2) It can significantly reduce computational demands compared to standard NMPC;

(3) Enhanced robustness against disturbances.

5. Conclusion

This study presents a neural network-based MPC controller based on the state model trained by neural
ordinary differential equations and linearized with Jacobian matrices. In the proposed approach, the
NNMPC controller is able to track trajectories with different nonlinear features and can reduce computation
time by nearly half compared to the traditional nonlinear MPC method. Furthermore, this approach
also exhibits enhanced robustness against disturbances. Its reliance on flight data allows it to implicitly
learn and accommodate complex aerodynamic effects, bypassing the significant challenge of constructing
accurate analytical aerodynamic models under varying flight conditions, making it a practical alternative
to conventional techniques.

Some aspects are still expected to be explored in future work. For example, developing online
training capabilities for the predictive model to allow adaptation to time-varying conditions such as when
the self-weight of a drone changing during flight. Moreover, efforts need to be made to improve the

algorithm’s generalization ability to handle more complex real-world autonomous control scenarios.
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