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Highlights:

»  The paper develops a flatness-based adaptive fuzzy control method for the Uzawa—Lucas endogenous
growth model.

* It proves that the Uzawa—Lucas model is differentially flat and derives its equivalent input—output
linearized representation.

* An output-feedback indirect adaptive fuzzy controller is designed, achieving estimation of unknown

dynamics and ensuring global asymptotic stability through Lyapunov analysis.

Abstract: The article proposes a flatness-based adaptive control approach for the Uzawa-Lucas financial
growth model. This model describes interaction between physical and human capital within an economy
and so far equilibria and bifurcations have been computed about it. With the article’s developments
the problem of control and stabilization of the Uzawa-Lucas growth dynamics is solved through the
application of exogenous control inputs and after considering uncertainty and unknown parameters for the
related state-space model. It is proven that the Uzawa-Lucas state-space model is differentially flat and its
transformation into an equivalent input-output linearized form is achieved. For the latter description of this
financial system an indirect adaptive fuzzy control method is developed. The method relies on feedback
of only the system’s output and accomplishes simultaneously the estimation of unknown dynamics of the
growth model as well as the convergence of the state variables to the defined setpoints. Learning of the
unknown dynamics is performed through neurofuzzy approximators which are iteratively updated with
the use of gradient algorithms. Since only feedback of the system’s output is used, state vector estimation
was performed with the use of a convergent state observer. The computation of the gains of the adaptive
fuzzy controller required the solution of two algebraic Riccati equations. The global asymptotic stability

properties of the control method are proven through Lyapunov analysis.
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1. Introduction

Endogenous growth as the result of the interaction between physical and human capital has been a
long-standing subject of research [1-4]. The Uzawa-Lucas model is among the most acknowledged
approaches for representing the dynamics of endogenous growth [5,6]. The main concept of this model
is that individuals within an economy contribute either to the development of physical capital or to the
development of knowhow and skills. The interaction between the two activities results to the accumulation
of physical capital (that is consumption goods) and to the accumulation of human capital (that is skillful
people capable of contributing to further economic growth) [7,8]. Extended forms of the Uzawa-Lucas
model present interaction between physical capital, human capital, per capita consumption, allocation
of individual’s time to either physical or human capital production and finally labor [9—11]. There exist
also concise forms of these models showing the evolution in time and the cyclical behavior of variables
related with the physical capital, the human capital, and the distribution of the individuals’ time to either
physical or human capital production [12,13]. The stability properties of the Uzawa-Lucas model have
also extensively studied and related results have been obtained about the existence of equilibria and the
associated bifurcations [14,15]. Parameters related with the tendency of the individuals for creating
savings or for consuming determine the model’s stability properties. Actually, the prioritization for
creating savings contributes to the human capital development instead of raising consumption and does
not favor the growth of physical production. As a result of structural (parametric) changes the model’s
state variables keep on changing in time until an equilibrium is reached.

Due to the complex nonlinear structure of the Uzawa-Lucas model there exist hardly any results on
its control and stabilization with the use of external control inputs. The present article comes to propose a
solution to the nonlinear adaptive control problem of the Uzawa-Lucas endogenous growth model after
using as control inputs parameters related with the propensity for creating savings or with the propensity
for consumption. Considering next, that the parameters of the Uzawa-Lucas growth model are unknown
or that there is uncertainty due to unmodelled dynamics, the solution of the related control problem
becomes of high difficulty. To handle this model imprecision together with stabilization of the growth
system’s dynamics one can opt for adaptive control techniques [16—18]. So far there have been some
results on adaptive neural or adaptive fuzzy control of financial systems [19-23]. A significant part of
such approaches is addressed to chaotic finance dynamics while little has been done on adaptive control
of growth models [24-26].

The present article develops an adaptive fuzzy control method for the Uzawa-Lucas endogenous
growth model. The method is based on differential flatness theory and on diffeomorphisms (change of
state variables) which allow for transformation of the initial nonlinear description of the system, into an
equivalent linear form. Moreover, the method is implemented only with output feedback thus requiring to
monitor only a limited number of state variables in the financial system. First, it is proven that the dynamic

model of the Uzawa-Lucas endogenous growth model is a differentially flat one. This means that all its
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state variables and its control inputs can be expressed as differential functions of a primary state variable
which is the system’s flat output. Moreover, the flat output and its derivatives are differentially independent
which means that they are not connected between them with a relation of the type of an homogeneous
differential equation [27,28]. Next, by applying a change of state variables (diffeomorphism) which
is in accordance to differential flatness theory, one arrives at an input-output linearized system. This
description is also written in the linear canonical (Brunovsky) state-space form [29-31]. For the latter
description the design of a stabilizing state feedback controller becomes possible.

Since there is no knowledge about the financial system’s dynamics and the control method is a
model-free one, the unknown parts of the dynamics are identified in real-time with the use of neurofuzzy
approximators. The information obtained about the system’s dynamics is used for the computation
of the control input, and thus an indirect adaptive control scheme is established. The update of the
approximators’ weights is based on a gradient-type algorithm [32—34]. The learning rate of the neurofuzzy
approximators is obtained from the requirement the first derivative of the system’s Lyapunov function
to be always negative. The computation of the control signal requires also the solution of two algebraic
Riccati equations. Lyapunov stability analysis proves that the control loop satisfies the H-infinity tracking
performance ciretion and this signifies robustness against model uncertainty and external perturbations.
Moreover, under moderate conditions global asymptotic stability is proven.

The structure of the paper is as follows: In Section 2, the dynamics of the Uzawa-Lucas endogenous
growth model is analyzed and the related state-space model is formulated. In Section 3, the differential
flatness properties of the Uzawa-Lucas model are proven and the transformation of the system’s state-space
model into an input-output linearized form is is completed. In Section 4, an output feedback-based adaptive
fuzzy control approach is developed for the Uzawa-Lucas model. In Section 5, the global stability properties
of the adaptive fuzzy control scheme are proven through Lyapunov analysis. In Section 6, the performance
of the control method is further confirmed through simulation experiments. Finally, in Section 7, concluding

remarks are stated.

2. The Uzawa-Lucas model of economic growth
2.1. The generic Uzawa-Lucas model

The Uzawa-Lucas endogenous growth model is a two-sector model and comprises (i) the physical capital
sector which produces physical capital (ii) the human capital sector which produces human capital.
In this model, individuals are considered to have the same level of work qualifications and expertise.
Some of their time is used for producing goods (physical capital) while some other part of their time is
used for training and developing skills (human capital). One can usually find two interpretations of the
Uzawa-Lucas model (a) the social planner’s problem, and (b) the representative agent’s problem [1,2,14].

The production function in the production sector is defined as

Y = AK%(e-h-L) 1= p5 (1

with 0 < a < 1, where Y is the output (physical product), A is the technology level, K is the physical
capital, a is the share of physical capital, L is the labor, £ is the human capital per person, € is the
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function of time devoted for developing physical products, 1 — € is the function of time devoted for
training and skill development purposes, variable C denotes consumption, €-4-L is a quantity of labor
measured in efficiency units, hg measures the externality associated with average human capital of the
workforce hy,, § is the positive externality parameter in the production of human capital (It is related to the
tendency for saving money. Actually, the more one saves, the more he reduces consumption and invests
on human capital).

The equation about physical capital accumulation is [1,2,14]
K =AK(e-h-L)=Dps — C— 6K 2)
In per capita (normalized form) the previous equation becomes [1,2,14]
fe= Ak (e-h)1=DRs —c— (n+ 8)k 3)
The human capital accumulation equation is given by [1,2,14]
h=nh(1—¢) 4)

where 7 is defined as the schooling (knowledge transmission productivity). The decision problem is
defined as

o o= (-1 (o(7)(1-0)_1
maxg, g, |, ¢ (1C t ) &)

subject to the dynamics of the physical and human capital variation, that is
fe = Ak(e-h)1=Dhs —c — (n+ &)k (6)
h=nh(1—¢) @)

p (p > n > 0) is the subjective discount rate, 6>0 is the inverse of the intertemporal elasticity of

substitution in consumption.

2.2. The social planner’s problem

In this approach, the social planner takes into account the externality associated with human capital when
solving the maximization problem of Equation (5) subject to Equation (6) and Equation (7). The equations

that describe the Uzawa-Lucas model from a social planner’s approach are as follows [1,2,14]:

%:Aka—lgl—ah(l—a—g)_%—(n—f—(S) ®)
h=n(l-¢) )

- aAk(a—l)g(lfa)glfafé—(pw) (10)
E=nlptslepnliatt) oy DAy ) (4
L, (12)
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Next, the following variables are defined:

(13)

tanlieY

g:

=~

m =

Taking logarithms of m and g and differentiating with respect to time, the dynamics of the Uzawa-Lucas
model becomes [1,2,14]:

(1 —a)m+ =2 (n+ 8) + n1=2+8) (14)
= (L—n—-E—-8(5—1)+g+n (15)

From the equilibrium condition riz = 0 and ¢ = 0 one obtains the fixed point [14]

m* = U=l | (o+0) (16)

gt =250+ A (n 4 §) 4 nlsl (00 17

The stability properties of the equilibrium can be found by analyzing the eigenvalues of the Jacobian

matrix of the system

i = [—(1—a)m+ =% (n 4+ §) 4 n1=2E) )y

Y ) (18)
gle—1m—E-8(5-1)+g+nlg
that is
o o
dm dg
9¢ 94
om dg

2.3. The representative agent’s problem

The economy of the Uzawa-Lucas model from a decentralized market’s perspective can be defined as
follows [1,2,14]:

i:Aka—lel—och(l—a—é')_%_(n_|_5) (20)
F=n—e) @b

- aAk(a*Ue(l*“)gl*“*C —(p+9) (22)
gzn((cll C))8+n(1 a+{) %+(1;a)(n+5) (23)
L_p (24)

Taking again logarithms of m and g and differentiating with respect to time, the following three

equations define the dynamics of the Uzawa-Lucas model [1,2,14]:

= (@m0 8) +nlgt e @)
f=(t-m-L-8(z—1)+g+n (26)
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l)g pplatd o4 ), 4 5) 27

& _
e=1N
where parameter p denotes the discount rate. Using the equilibrium condition for this model, that is

=0, g =0 and € = 0 one obtains the following fixed point

x _1_ U=a)(p—n-1)
& == o(iary)] (28)
m*=n [1_“6;21411&;8 )] + g (29)
¢ =1 [17a+§81:i‘;‘)+a8*] + n(l;a) (30)
Next, using the state-space description [14]:
= [—(1—a)m+ =4 (n+8) + 7= _ el (31
g=[4-1m—-L-8(L-1)+g+nlg (32)
éz[n( C)8+n(1 a+{) g—I—( )(n—|—5)] (33)
one can compute the related Jacobian matrix at the equilibrium, that is

di dr Jiir

om dg Ode

dg dg I
J=\Gn ¢ e | lorae (34)

d¢  d¢  9¢

dm dg Ode

and from the associated eigenvalues can conclude the stability properties of the system around the equilibrium.

2.4. State-space description of the Uzawa-Lucas model in matrix form

In the Uzawa-Lucas model of Equation (31) to Equation (33), the following state variables are defined:
x1 =m, x3 = g and x3 = €, while the control input is taken to be the discount rate parameter u = p that
appears in the second row of the state-space model. Thus, the state-space description of the Uzawa-Lucas

model becomes

i1 = [—(1—a)x; + LD (n8) + 7 1) _ fi]y, (35)
=4 -1x—L-8(L-1)+x2+nx (36)
x3:[n( C)x +n(1 —a+{) x—f—( )(n—|—5)] (37)

After, reordering of terms one obtains the following state-space description in matrix form

X1 —(1 —a)x%—l—( )(n8)x1 —H]( C) — Nx1x3 0
X | = (%— )X1XQ—6(——1))62 —|—x2 +nxy + % u (38)
% ﬁ(“;g) ﬁ(l H+C) X3 — XQX3—|—( )(n—|—5) 0
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or equivalently, the state-space description of the Uzawa-Lucas model can be written in the concise form:

= [(x)+&(x)u (39)
with xR, f(x)eR**!, g(x)€R**! and ucR.

3. Differential flatness properties of the Uzawa-Lucas state-space model

3.1. Proof of the differential flatness properties of the Uzawa-Lucas model

The previously defined state-space description of the Uzawa-Lucas endogenous growth model is

differentially flat, with flat output y = x;. Indeed from Equation (35) one has

%xl)%:—xl (l—a)x%—i- - (n+5)x +n(1 at+f) . xXi=
_ (1-a) (1—a+8) u+g)
X3 = (1= )x%—l— aﬁgx +68)x1+1 xl:> (40)
X
x3 = h3(x1,%1)

This signifies that state variable x3 is a differential function of the flat output y = x1. Moreover, from
Equation (37) one has

X2X3 —X3—|—T[( C)x3+n(1 a+€)x3+ (1;‘1) (n+9)x3=

(@=8) 2, (= a+§) (1-a)
x22x3+n 2l d o e 4 (n+5)X3:> (41)

X3

xp = ho(x1,%1,%1)

Consequently, state variable x, is also a differential function of the system’s flat output y = x.

Moreover, from Equation (36) one has
%u = —dotxy + (g5 — 1)x1x2 — 5(% —1)x +X% + nx;=
y— —dotxz-i—(%—l)x1x2£5(é—l)x2+x%+nx2 = (42)

c

U= hu()q ,X1,X1 ,XSS))

Consequently, control input « is also a differential function of the system’s flat output y = x;. As
a result of the above, all state-variables and the control input of the Uzawa-Lucas endogenous growth
model can be written as functions of the flat output y = x; and of its derivatives. Besides, the flat output
and its derivatives are differentially independent which means that they are not connected to each other
through a relation in the form of a linear homogeneous differential equation. These two properties confirm
that the Uzawa-Lucas model is differentially flat. The differential flatness of the model can be used for

determining setpoints for its stabilizing feedback controller.
3.2. Input-output linearization of the Uzawa-Lucas model
The state-space equations that constitute the Uzawa-Lucas endogenous growth model are
i1 = —(1—a)d + 52 (&) + 7y — g (43)

xz:(g_1)xlxz_5(g_1)x2+x2+nx2—%u (44)
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(a C) (- C) X2X3+(1;a)(n+8)X3

X3=1 x3 +7
By deriving in time Equation (43) one has

X1 (1—a)2x1x1+ (1’]6))6 —I—T]( atl)y 1 — NX1x3 — Nx1X3

By substituting the derivatives of the state variables in the above equations one obtains:

f1 = (1—a)2x [~ (1 —a)xd + 9 (n8)xy + 7 U — feyes] +
A m8)[~(1-a)x}+ 2 (md)x +n< o0 e+
1—a) (775) (1— a+C) . ﬁX1X3]—
ﬁxg[—(l—a>x%+<a (n8)x1 +n< arl), ﬁxm]
7 ( X3 — x2X3+( )(n—|—5)x3]

1 = [—(1—a)2x + 4 (n8) + 1) _ fy).
-[—(1—a>x%+“‘“><n6> + 7 U=ate) 0 ]
e T T Yty

—Tx1x2x3

By deriving once again with respect to time one obtains:

1—a>2x+“‘”‘ (n8) — fits):
[~ <1—a>x% =0 (8 ) + 70y — g+
0ge)  1etd] g

J=(1—a)2xpx; + (laa) (nd)x + T[( +€) — fxxs — fx1x3]—
— iy [ e 4 e xoxs+ o ><n +8)x3]—
M [0 4+ 7 U o xy + () —4) (1) 4 §)k3]—

— 1) [X122x3 +x1200%3) — Ax13[(§ — 1)x1202 — 5(5 —1)x +x2 + Nx]—

A X2
T[X1X3Gu

(45)

(46)

(47)

(48)

(49)

Thus, one arrives at the following input-output linearized form of the Uzawa-Lucas growth model

o = 1)+ g
where function f(x) is given by
F@) = [=(1—a)2i + 52 (n8) — s
[=(1—a)pd + 172 (&) + 7 5 — fix)+
(1 —a)2x; + 152 ><n6>+"“ oid) — i3]
[ (1—a)2x1x1—|—( )(n5)x1—i—n( C) — Nx1x3 — nx1)€3]—
— 7 [ =2 +n(1 ) vy — sz3+( D(n +8)x3]—
[ D PR ey i S
— 1 [x12x0x3 + x1x0%3] — T]X1X3[(E —1xpxy — 5(5 —1)xp —|—X2 + nx]

and function g(x) is given by

(50)

(D
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g(x) = —Tix1x3 2 (52)

3.3. Design of a stabilizing feedback controller

It has been shown that the Uzawa-Lucas endogenous growth model can be written in the input-output

linearized form
W = F(x) + g(x)u (53)

or, using the flat output definition y = x; and the differential flatness property of the model the following

state-space description is obtained
W = f3.9,9) + 8003, )u (54)
where f(y,y,¥) and g(y,y,y) where defined in Equation (51) and in Equation (52), respectively. By
defining the transformed control input v = f£(y,y,%) + &(y,y,)u one has that
¥ =y (55)

For the linearized description of the Uzawa-Lucas endogenous growth model given in Equation (55),
and using the notation z; =y, zp =y and z3 = §, and v = f(y,y,¥) + g(»,y,¥)u one arrives also at the
state-space description (canonical Brunovsky form)

21 010 71 0
2]1=10 01 2| +|0]v (56)
23 00O 23 1
<1
e = (10 0) |2 (57)
<3
and the stabilizing feedback control input is given by
3 I L
v= 3y ki (5= 5a) — ka5 — ) — ks (y — ya) (38)

and the control input that is actually applied to the financial system is

u=g 'y, 9 —Fy¥) (59)

The previous control signal results in the tracking error dynamics of the form
eB) (1) +kié(t) + koé(t) + kze(t) =0 (60)

By selecting the feedback gains k;, i = 1,2, 3 such that the characteristic polynomial of Equation (60)

to be a Hurwitz one, it is assured that lim,_.e(t) = 0.
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4. Adaptive fuzzy control of the Uzawa-Lucas model using output feedback
4.1. Problem statement

Adaptive fuzzy control aims at solving the control problem of the Uzawa-Lucas endogenous growth
model in case that its dynamics is unknown and the state vector is not completely measurable. It has been
shown that after applying the differential flatness theory-based transformation, the following non-linear

SISO system is obtained:
x = fxt) +g(x,u+d (61)

where f(x,t), g(x,t) are unknown nonlinear functions and d is an unknown additive disturbance. The
objective is to make the system’s output y = x follow a given bounded reference signal x;. In the
presence of non-gaussian disturbances w, successful tracking of the reference signal is denoted by the H.

criterion [28]
T T
/ o7 Qedt < p? / wwdt (62)
0 0

where p is the attenuation level and corresponds to the maximum singular value of the transfer function

G(s) of the linearized equivalent of Equation (61).

4.2. Transformation of tracking into a regulation problem

The H.. approach to nonlinear systems control consists of the following steps : (i) linearization is applied:
(11) the unknown system dynamics are approximated by neural of fuzzy estimators, (iii) an H. control
term, is employed to compensate for estimation errors and external disturbances. If the state vector is not
measurable, this can be reconstructed with the use of an observer.

For measurable state vector x, desirable state vector x,, and uncertain functions f(x,7) and g(x,7) an

appropriate control law for Equation (61) would be

u:g(;,t) [xg,f)—fA(x,t)+KTe+uc] (63)

where, f and § are the approximations of the unknown parts of the system dynamics f and g respectively,

and which can be given by the outputs of suitably trained neuro-fuzzy networks. The term u,. denotes a
supervisory controller which compensates for the approximation error w = [f(x,1) — £ (x,1)] + [g(x,7) —
&(x,1)]u, as well as for the additive disturbance d. Moreover the vectors K = [ky,k,_1,--- k1], and
el =le,é,é, - ,e" VT are chosen such that the polynomial e +kje D 4 kye"=2) 4 ... 4 ke is

Hurwitz. The substitution of the control law of Equation (63) in Equation (61) results into

1 [x,(,'f) — fe,t) —KTe4u]+d =
t — 200 o) — Fe ) — KT e+l +d =
2 = £t + {8 ) — fla,r) — KT e+ ) + [g(x,1) — g, 1) u+d =

(64)

A

X — W = KT e [F(x,0) — flx,0)] + [g(x,8) — 8(x, )|+ ue +d =
x(n) = _KT€+”6+ f(xvt) _f(x7t)] + [g(x7t) _g(x7l)]u+a7

10
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The above relation can be written in a state-equations form. The state vector is taken to be e/ =
e, é,--- e 1], which yields
¢ =Ae—BK e+ Bu, +B{[f(x,t) — f(x,1)] + [g(x,t) — &(x,t)]u+d} (65)

or equivalently

¢ = (A—BK")e+Bu.+B{[f(x,t) — f(x,0)] + [g(x,1) — §(x,0)ju+d}

66
e1=CTe (66)
where
0O 1 0 0
0O 0 1 0
A=

O 0 0 - - 1 (67)

0O 0 0 - --- 0

BT — (o,o,--- 0, 1) L cT = (1,0,--- ,o,o)
KT = <k07k17 T 7kn—27kn—1>
where e; denotes the output error e; = x — x,,,. Equation (66) describes a regulation problem.

4.3. Estimation of the state vector

The control of the Uzawa-Lucas growth model described by Equation (61) becomes more complicated
when the state vector x is not directly measurable and has to be reconstructed through a state observer.
The following definitions are used

e error of the state vector e = x — x,,

« error of the estimated state vector é = X — x;,

* observation error é = e — & = (x — x;) — (£ — Xy,

When an observer is used to reconstruct the state vector, the control law of Equation (63) is written as

S g 0K e “

Applying Equation (68) to the nonlinear system described by Equation (61), after some operations
results into
X0 = ) KT+ [£(x,1) = (0]
[g(x,1) — g%, N)]u+d

It holds e = x — x,, = x(") = (") +x,(,'f ), Substituting x(") in the above equation gives

e® 4 x0 = 3\ KTotu,+ [f(x,1) — F(%,0)]+

[ (69)
+g(x,0) = 8%, 0)]Ju+d =

A

¢ =Ae—BK"é+ Bu.+ B{[f(x,t) — f(%,1)]+

g (70)
+[g(x,t) _gA(ant)]u"'—d}

11
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e = CcTe (71)

where e = [e,¢,é,--- """ and e = [6,6,2,--- ,e(" DT,

The state observer is designed according to Equations (70) and (71) and is given by [28]:

é=Aé—BKTé+K,[e; —CTé (72)
oy =Cle (73)
The observation gain K, = [koy, ko, sko, 5,0, ]! is selected so as to assure the convergence of

the observer.

4.4. The additional control term u,

The additional term u. which appeared in Equation (63) is also introduced in the observer-based control
to compensate for:
* The external disturbances d
* The state vector estimation error é = e — € = x — X
¢ The approximation error of the nonlinear functions f(x,7) and g(x,), denoted as w = [f(x,7) —
F@& 0]+ [80x,1) = 8(%,1)]u
The control signal u, consists of 2 terms, namely:
* the H. control term, u, = —%BTPE for the compensation of d and w

* the control term u;, for the compensation of the observation error é

4.5. Dynamics of the observation error

The observation error is defined as é = e — é = x — X. Subtracting Equation (72) from Equation (70) as
well as Equation (73) from Equation (71) one gets

¢—é=A(e— &)+ Buc+B{[f(x,1) — f(%,0)]+
+lg(x,t) — g(%,0)]u+d} — K,CT (e — &)
e1—é1=Cl(e—é)
ie.
&= A&+ Buc+B{[f(x,1) — f(%,0)]+
+g(x,t) — g(&,1)u+d} —K,CTe
e =Cre
which can be written as
é=(A—K,CT)é+ Buc.+ B{[f(x,t) — f()?,t)] +[g(x,1) — 8(%,1)|u+d} (74)
ép=Cceé (75)

4.6. Approximation of the functions f(x,t) and g(x,t)

Neurofuzzy networks can been trained on-line to approximate parts of the dynamic equation of non-linear

systems, or to compensate for external disturbances. The approximation of functions f(x,7) and g(x,?)

12
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of Equation (61) can be carried out with Takagi-Sugeno neuro-fuzzy networks of zero or first order

(Figure 1). These consist of rules of the form:
R':TF #is A} AND £is A} AND --- AND 2"~V is AL THEN §/ = Y wig; +-b!, 1=1,2,--- L

fxp.x;)

Figure 1. Neuro-fuzzy approximator: G; Gaussian basis function, N;: normalization unit.

The output of the neuro-fuzzy model is calculated by taking the average of the consequent part of
the rules
L1 T g (R1)

- - (76)
lL:I ITio IJAf (%)

y=

where p,; is the membership function of x; in the fuzzy set Af. The training of the neuro-fuzzy networks
is carried out with 1* order gradient algorithms, in pattern mode, i.e. by processing only one data pair

(xi,y;) at every time step i. The estimation of f(x,#) and g(x,7) can be written as
f(xl67) = 6] 9 (%)
2(%(6;) = 6, ¢ (%)

H?:].UAf (%)

YT ()
that the weights 67 and 6, vary in the bounded areas Mg ’ and Mo, which are defined as

(77

where ¢ (%) are kernel functions with elements ¢ () l=1,2,--- L. Itis assumed that

Mg, = {67 € R": [|6f]| < mg,}

\ (78)
Mg, = {6 € R" : [|6,]| < mg,}

with mg, and mg, positive constants. The values of 6y and 6, for which optimal approximation is

succeeded are:

The variation ranges of x and X are the compact sets

Ur={x € R": [[x[| < my < oo},

N - (79)
Up={X€R":||R]| <my < oo}

The approximation error of f(x,#) and g(x,7) is given by

13
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W= [A(ﬂ@}k) SO 0)]+[8(%]67) — g (x,1)]u =

w={[/(216f) — f(x]67)] + [f(x|6f) — f(x,1)]}+ (80)
{[8(%16;) — 8(%[65)] + [¢(%[67)g (x,1)] }u

where
o f (£[67) is the approximation of f for the best estimation 6 of the weights’ vector 6.
* 8(£[6;) is the approximation of g for the best estimation 6, of the weights’ vector 6.

The approximation error w can be decomposed into w, and wy,, where
= [/(2167) — f(£]6/)] + [5(%]6) — & (£]6;)]u
[F(5167) — f(x,0)] + [2(2165) — g(x,1)]u

Finally, the following two parameters are defined:

wp =

6;=0;—06f, 0,=06,—06; (81)
S. Lyapunov stability analysis

5.1. Design of the Lyapunov function

The adaptation law of the neurofuzzy approximators’weights 6, and 6, as well as of the supervisory

control term u, are derived from the requirement for negative definiteness of the Lyapunov function

1 o s
eTe 82
2y 878 82)

The selection of the Lyapunov function is based on the following principle of indirect adaptive

1.5 1
V—Ee P1e+2e Pze-l-WGfo-l-

control & : limy_e £(¢) = x4(¢) and & : lim; e £(z) = x(¢). This yields lim;_. x(¢) = x4(). Substituting
Equations (70), (71) and Equations (74), (75) into Equation (82) and differentiating results into
V= %éTP1é\+ %éTP1é\+ %gTP25+ %észe;—f— %éfT éf -+ %égT ég (83)
which in turn gives
V=23{(A—BKT)e+K,CTe} Pie+ 36" P {(A—BKT)e+K,CTée}+
+3{(A—K,CT)é+Buc+Bd +Bw}  Pé + 3e" P {(A — K,CT)é + Bu. + Bd + Bw}+  (84)
LATH LATH
+ﬁ9f 0 + %eg 0,
or, equivalently
= 2{eT(A—BKT)T +-&TCKI}Pié+ 36T P {(A— BKT)é + K,CTé}+
+1{e" (A K,CT)T +BTu.+BTw+BTd}Pré + 56" P,{(A—K,CT)é+Bu.+Bw+Bd}+  (85)
L AT § LATH
V=1eT(A—BKT)TPe+3e"CKIPe+ +%éTP1 (A—BKT)é+ 3¢" PIK,CTé+
+3eT(A— K oCT) Poe+ 3B Pré(uc +w+d) + 38" Po(A — K,.CT)e+ 38" PB(uc +w+d)+  (86)
1 1 AT i
ﬁef 9 + %Qg 0,
Assumption 1: For given positive definite matrices Q1 and Q» there exist positive definite matrices P

and P, which are the solution of the following Riccati Equation [28]

14
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(A—BK")TP +P(A—BK")+ 0, =0 (87)

(A—K,CT)' P+ Py(A - K,CT)—

(88)
~PB(} — 35)B P+ 02 =0

The conditions given in Equations (87) to (88) are related to the requirement that the systems
described by Equations (72), (73) and Equations (74), (75) are strictly positive real. Substituting
Equations (87) to (88) into V yields

V=16T{(A—BKT)TPi +P/(A—BKT)}é+&"CKI Pjé+
+38T{(A=K,CT)TP,+ P,(A—K,CT)}e + BT Pré(uc +w+d)+ (89)
LATH 13T
which is also written as

V=-1eT016+&"CKI P — 3eT{Q, — P,B(2 — )BT P }é + BT Pyé(uc +w+d)+

1076, + 1676, o
The supervisory control u. is decomposed in two terms, u, and uy
Ug = _%plnél = —%észB + %(pznéz + -+ punén) = —%észB +Aug oD
where p1, stands for the last (n-th) element of the first row of matrix P,, and
up = —[(P.B)T (P,B)] " (P.B)T CKI P& (92)

* u, is an H. control used for the compensation of the approximation error w and the additive
disturbance d. Its first component —%éTPgB has been chosen so as to compensate for the term
%éTPzBBTPzé, which appears in Equation (90). By subtracting the second component —%( P2é2 +
-+ + Panéy) one has that u, = —% P1r€1, which means that u, is computed based on the feedback the
measurable variable é. Equation (91) is finally rewritten as u, = —%éTPzB + Aug,.

* u; is a control used for the compensation of the observation error (the control term u; has been
chosen so as to satisfy the condition el PyBuy, = —éTCKOT Pe.

The control scheme is depicted in Figure 2. Substituting Equations (91) and (92) in V, one gets
V =—3"016+"CKI Pié — 36" Qr6+ 1" P,BB Pye—
—#éTPzBBTPZéJr é' P,Buj, — 1é" P,BBT Pyé + BT P2é(w+d + Aug)+ (93)
1LATH 1LAaT 4
—|—ﬁ9f 0 + Eeg 0,
or equivalently,

V=—1eTQie—3eT 06— #éTPzBBTPzé—FBTPzé(w—|—d+Aua)+
676, 1 1670 o4
T O Or 5% O
It holds that éf = Gf — é}k = Gf and ég = Og — 9;: = Gg. The following weight adaptation laws

are considered:
~Ne' PBY(%) if ||6f]| < m,

0, =
s =1 0 [[641] > m,

(95)
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—18" PBO (R)uc if ||6g]| < me,

(96)
0 [[6g][ > mq,

To set 6y and 6, equal to 0, when ||y > mg||, and |[6; > my,|| the projection operator is
employed [28]:
P{ne" B (%)} = —n& BB () +

~ 66 . .

e nn o (0
P{1é"P,Bo(X)u.} = —y1é BB (%)u. +
~ 66/ .
+71€TP23H‘E§TJI2¢(X)MC

--------------------------------------

d System

Controller i : ES
I AN AN A : + u X +
w=gCe ) [ — S K TP 2 » x=f(xu) —
4
1 T -
U, =——B" PyetrAu,
r
-(PB) (BB (BB K] Be
+
[2
(5 et
Observer
e Ae-BK' ;+Kﬂ[el —CT;] <
“—
el
f(x.0) ~
el
<
Adaptation <
g(x,1)
/

Figure 2. The proposed adaptive neurofuzzy control scheme.

The update of 6, stems from a gradient algorithm on the cost function %( f—f )2 [32-34]. The
update of 6, is also of the gradient type, while u. implicitly tunes the adaptation gain ¥,. Substituting
Equations (95) and (96) in V gives

/= —36T Q1 —eT 0r6 — g}zéTPZBBszéJFBTPZé(w+d+Aua)+ o
+5-6] (—ne&" PBY(%)) + 5.0/ (—1e" PBY(%)u)

which is also written as
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V=—1eTQie—3eT 06— —eszBBsze +&"PB(w+d + Aug)— 98)
—eTPzBOT(])( t) — &' PBO] ¢(X)u
and using Equations (77) and (81) results into
V=—1eTQie—3eT 06— ﬁeTPzBBsze + 2" PB(w+d+ Aug)— (99)
—eTPzB{[ F(&]67) + 8(£[67)u] — [f(£]6]) + 8(£(6; )ul}

where [f(£]6) + &(£]07)u] — [f()?\ﬂf*) +§(%]6; )u] = wy. Thus setting wi = w -+ w, +d + Au, one gets

V =—3¢"01258" 022 — 3;¢" P,BB" Pre + BT Prow; =

V=—1elTgetel 06— —eTPzBBTP2e+ wIBTPé+ 1" P Bwy (100)
Lemma: The following inequality holds
3&" PiBwy + w{ BT Pyé — 558" PBBT Py2 < 5p*w{w, (101)
Proof: The binomial (pa — ll)b)2 > 0 is considered. Expanding the left part of the above inequality
one gets
p2a2+Lb2—2ab>o:» ;p2a2+ Lbp2—ab>0
:ab—mbz épzazézalﬂ—zab——bz 2p a’ (102)

The following substitutions are carried out: @ = wy and b = &’ P,B and the previous relation becomes

swi B' Pog+ 38" PoBw — 558" PBB" P2

(103)
= 2P W] w1
The above inequality is used in V, and the right part of the associated inequality is enforced
1 1
V<—— Qle——e e+ p wlwl (104)
Thus, Equation (104) can be written as
. 1 1
V< —EETQE + EpzwlTwl (105)
where
é 01 0 :
E=\|_|, 0= = diag[Q1, Q] (106)
e 0 O

Hence, the H., performance criterion is derived. For p sufficiently small Equation (104) will be true

and the H.. tracking criterion will be satisfied. In that case, the integration of V from 0 to T gives
Ty
Jo V()dt < =3 [y ||E|Pdt + 3p* [y ||wi|dr =
2V(T)—2V(0) < —fo \|E||2er+p2f0 ||w1||?dt =
T T
2V(T) + Jo |IE|[Gdr <2V (0) +p* [y ||w1][>dr

It is assumed that there exists a positive constant M,, > 0 such that [;°||w;||?dt < M,,. Therefore for
the integral [J ||E]| \2th one gets

e < 2v(0)+ 2, (107)
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Thus, the integral [;°||E]| |2th is bounded and according to Barbalat’s Lemma

limy o E (1) =0
1My 00
i limy e 8() = 0

0=

Therefore lim; .. e(t) = 0.
6. Simulation tests

The proposed adaptive fuzzy control method has been applied to the problem of stabilization of the
dynamics of the Uzawa-Lucas endogenous growth model and its performance has been checked through
simulation experiments in the case of tracking of several reference trajectories. The presented results
are depicted in Figure 3 to Figure 5. It has been confirmed that all state variables converged fast to the
reference trajectories and that the tracking error was minimized. Moreover,the control inputs computed

by the adaptive neurofuzzy controller varied smoothly.

1 1

o
®
o
o
o
o
o
3

S g
>
=
>

state x,
IS
=
state x,
=
=
state x,,

) 5 10 15 20 0 5 10 15 2 0 5 10 15 2 0 5 10 15 20
time time time time

state x;
o o
= o

control
s o
~ >
state x,
=~ >

control u
o o
= o

VO 5 10 15 20 0 5 10 15 20 0 5 10 15 2 0 5 10 15 20
time time time time

(a) (b)

Figure 3. Tracking of setpoints (red lines) by the state variables x1,x;,x3 (blue lines)
of the Uzawa-Lucas endogenous growth model and variations of the control input u
under flateess-based adaptive fuzzy control: (a) Test case 1; (b) Test case 2.
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08 08
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o
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o <
>

2] 3 o 3
; s 0.6 . é 0.6 s 0.6 .
£ 04 5 04 £ 04 504
0.2 02 02 0.2
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Figure 4. Tracking of setpoints (red lines) by the state variables x1,x2,x3 (blue lines)
of the Uzawa-Lucas endogenous growth model and variations of the control input u
under flateess-based adaptive fuzzy control: (a) Test case 3; (b) Test case 4.
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X 0. : :
. 7 0. .
02 02 L,_/x/J 02 02 L/\/\/\/
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I 3 1) 3
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Figure 5. Tracking of setpoints (red lines) by the state variables x,x2,x3 (blue lines)
of the Uzawa-Lucas endogenous growth model and variations of the control input u
under flateess-based adaptive fuzzy control: (a) Test case 5; (b) Test case 6.

The approximators’ inputs were the system’s state variables x; = m, x; = g and x3 = €. Knowing
that there are i = 3 state variables for the chaotic finance system and that each such variable comprises
n = 3 fuzzy sets, the total number of rules in the fuzzy rule base should be n™ = 3% = 27. The aggregate
output of the neuro-fuzzy approximator (rule-base) for function f(x) is given by Equation (76). The
membership functions in the fuzzy rules have been Gaussians functions. The centers cl(l), i=1,---.3
and the variances v(!) of each rule are summarized in Table 1. Similar is the structure of the neuro-fuzzy
approximator for function g(x).

Table 1. Parameters of the fuzzy rule base.

Rule ol ! e W)
R -1.0 ~1.0 -1.0 3
R() ~1.0 —~1.0 0.0 3
RG) -1.0 —1.0 1.0 3
R@) ~1.0 0.0 ~1.0 3
R®) ~1.0 0.0 0.0 3
R(©) ~1.0 0.0 1.0 3
R(27) 1.0 1.0 1.0 3

The control loop was based on simultaneous estimation of the unknown endogenous growth model
(this was performed with the use of neuro-fuzzy approximators) and of the nonmeasurable elements of the
growth model’s state vector, that is of state variable x, and of state variable x3 (this was performed with
the use of the state observer). The design details of the neurofuzzy approximators and particularly the
weights’ update rates that ensure convergence of the learning process have been defined in Equation (95)
and Equation (96). The obtained results are depicted in Figure 3 to Figure 5. The diagrams present rated

(normalized) values for both the state variables and the control inputs, in the interval [0, 1]. The state
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variables x1, xp and x3, as well as the control input u are printed in blue colour, while the related setpoints
are printed in red colour.

The proposed adaptive fuzzy control method is a model-free one. This means that it needs no prior
knowledge about the Uzawa-Lucas growth model. Moreover it is implemented only with the use of
output feedback. The control scheme provides simultaneously solution to three optimization problems: (i)
minimization of the state vector’s tracking error, which is the distance of the state vector from the reference
trajectories, (ii) minimization of the state-vector’s estimation error, that is the state vector computed by
the state observer finally converges to the real value of the system’s state vector, (iii) minimization of
the estimation error for the unknown dynamics of the financial system being identified with the use of
neuro-fuzzy approximators. The control method is applicable after finding a solution for the two Riccati

equations given in Equation (87) and Equation (88).
7. Conclusions

The article has proposed a novel flatness-based adaptive fuzzy control method, that relies exclusively on
output feedback, for the Uzawa-Lucas endogenous growth model. The necessity for applying adaptive
control is due to the imprecision of this state-space model and due to the unknown or changing values of
the model’s parameters. It has been proven that the model is differentially flat. This signifies that through
the application of a change of state variables one can transform the initial nonlinear state-space model
into an equivalent input-output linearized form, or into the Brunovsky canonical form. Considering the
latter description of the system an adaptive fuzzy controller has been developed.

The proposed adaptive fuzzy controller achieves simultaneous estimation of the unknown dynamics
of the Uzawa-Lucas model and stabilization of the system, that is convergence of its state variables to the
related reference setpoints. The learning of the unknown dynamics was performed through neurofuzzy
approximators which were iteratively updated with the use of gradient algorithms. Since only feedback
of the system’s output was used, state vector estimation was performed with the use of a convergent
state observer. The computation of the gains of the adaptive fuzzy controller required the solution of two
algebraic Riccati equations. The global stability properties of the control scheme were proven through

Lyapunov analysis.
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