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Highlights:

• Treats receiver-side hardware impairments as sparse noise, distinguishing it from Gaussian noise in
mmWave massive MIMO-OFDM systems.

• Adopts the proposed SSBCP algorithm with latent binary variables to reduce the impact of sparse
noise for robust and high-accuracy parameter extraction.

• Provides uniqueness analysis under Kruskal’s condition and complexity analysis; simulations confirm
robust estimation and localization under hardware impairments.

Abstract: In this paper, we propose a structured sparse Bayesian CANDECOMP/PARAFAC (SSBCP)
algorithm for channel parameter estimation and localization in millimeter-wave (mmWave) massive
multiple-input multiple-output orthogonal frequency-division multiplexing (MIMO-OFDM) systems
with receiver-side hardware impairments. Firstly, based on the physical mechanisms of receiver hardware
impairments, the received signal containing both antenna-dependent sparse noise and additive Gaussian
noise is constructed as a third-order parallel factor (PARAFAC) tensor. Secondly, by designing an equivalent
hybrid precoding matrix, the original complex-valued tensor is transformed into a real-valued counterpart
suitable for Bayesian processing. Thirdly, accurate estimation of the factor matrices is achieved through
a structured sparse Bayesian tensor decomposition that incorporates binary latent variables to control the
positions of sparse noise. Finally, the channel parameters are extracted from the estimated factor matrices
and the localization is accomplished based on their geometric relationships. Simulation results show the
proposed SSBCP algorithm outperforms existing algorithms across sparse noise ratios. Even under severe
hardware distortion conditions, the proposed SSBCP algorithm maintains outstanding parameter estimation
and localization performance in environments with multiple scattering paths.
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1. Introduction

Due to millimeter-wave (mmWave) massive multiple-input multiple-output orthogonal frequency-division
multiplexing (MIMO-OFDM) has emerged as a core technology for 5G and 6G wireless communication
systems, leveraging large-scale antenna arrays and OFDM to significantly enhance spectral efficiency and
mitigate multipath effects [1,2]. Accurate acquisition of channel state information (CSI) is crucial in
these systems as it forms the foundation for reliable communication and high-precision localization [3].
However, the performance of massive MIMO-OFDM systems is constrained by several factors, including
pilot overhead [4], hardware impairments [5,6], and electromagnetic interference [7–9], which contribute
to hybrid noise effects such as sparse impulse noise and Gaussian noise. Among these, excessive
pilot overhead reduces spectral efficiency, increases system complexity and computational costs, and
elevates power consumption, ultimately impacting system throughput and real-time performance.
Meanwhile, hardware impairments introduce various types of noise in communication systems,
including phase noise, thermal noise, and distortions caused by factors such as in-phase/quadrature (IQ)
imbalance, clock jitter-induced sampling errors, and intermodulation distortion [10]. More critically,
these noise sources often coexist and are coupled, leading to nonlinear distortion, phase errors, and
fluctuations in the radio frequency (RF) chain. These effects degrade signal quality and may result in
additional bandwidth loss. Electromagnetic interference further exacerbates signal deterioration at the
receiver, intensifying multipath effects and noise accumulation, which contribute to channel estimation
deviations and increased positioning errors. Together, these limitations restrict spectral efficiency, system
reliability, and the transmission capacity of large-scale antenna arrays.

Existing research has explored various strategies to mitigate pilot overhead in MIMO-OFDM systems,
including pilot design [11–13], compressed sensing (CS) [14–18], and tensor-based approaches [19–22].
The work [11] presents a joint pilot design and channel estimation framework that further enhances pilot
efficiency in OFDM systems. An efficient pilot design and gridless channel estimation strategy is developed
in [12] for massive MIMO-OFDM systems, which exploits channel sparsity in the angle-delay domain
to enhance accuracy and reduce overhead. Meanwhile, the work [13] introduces a gridless framework
with optimized pilot design, achieving significant performance gains in estimation accuracy and pilot
overhead reduction for massive MIMO-OFDM by leveraging the same sparsity property. In MIMO-OFDM
systems, channel sparsity manifests as the concentration of the channel impulse response on a limited
number of multipath components. CS algorithms such as orthogonal matching pursuit (OMP) [14,23],
copressive sampling matching pursuit (CoSaMP) [24], sparsity adaptive matching pursuit (SAMP) [15],
and simultaneous orthogonal matching pursuit (SOMP) [16] exploit this sparsity to significantly reduce
pilot sequence length while maintaining estimation accuracy. In [18], CS is applied to eliminate velocity
ambiguity in the pseudo-random time-division multiplexing-MIMO scheme, enhancing estimation precision.
In [25], an algorithm based on CS is proposed that show promising results in lowering pilot overhead
while preserving channel estimation performance in massive MIMO systems. Note that the algorithms
mentioned above primarily rely on matrix representations, whereas tensor-based approaches can more
effectively leverage their inherent multidimensional structure. In [20], channel parameter estimation is
achieved through the classical alternating least squares (ALS) algorithm, which iteratively updates the
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factor matrices until convergence. Likewise, the work [26] applies sparse recovery to localized channel
modeling. Although these studies achieve notable progress in reducing pilot overhead, they are generally
conducted under ideal assumptions without considering the impact of hardware impairments.

In practice, hardware impairments introduce additional distortions and mixed noise, which can
severely degrade the performance of existing channel estimation algorithms and may even lead to
estimation failure. To address these challenges, recent pilot allocation strategies have been developed
to explicitly account for hardware impairments in cell-free massive MIMO systems [27]. Beyond pilot
design, compensation techniques are also employed at both the transmitter and receiver sides. At the
transmitter side of MIMO-OFDM systems, digital predistortion (DP) is widely employed to counteract
nonlinear distortions caused by power amplifiers (PAs), thereby improving signal quality [28,29]. Adaptive
precoding optimizes transmission signals to mitigate phase noise and IQ imbalance, while machine learning
techniques can predict and compensate for RF impairments. At the receiver side, several approaches have
been developed to handle hardware impairments. Blind signal recovery algorithms estimate and compensate
for phase noise using statistical techniques, adaptive filtering suppresses mixed noise (e.g., sparse
impulse noise and Gaussian noise), and error correction coding enhances resilience against hardware
impairments. The work [30] investigates the application of Reconfigurable Intelligent Surface (RIS) in
MIMO-OFDM systems to maximize spectral and energy efficiency while mitigating hardware impairments.
The work [31] provides a survey on hardware impairments and compensation techniques in massive MIMO
systems. Furthermore, the work [32] proposes a hardware impairment-aware transceiver design to optimize
the performance of bidirectional full-duplex MIMO-OFDM systems.

Bayesian tensor decomposition provides a principled probabilistic model for channel estimation in noisy
environments. By incorporating prior knowledge and modeling uncertainty, Bayesian algorithms enable
robust inference of latent signal factors [33] and naturally accommodate mixed noise conditions. Bayesian
CANDECOMP/PARAFAC Factorization (BCPF) in [21] leverages probabilistic modeling to handle missing
data and quantify uncertainty in latent factors. For spatiotemporal traffic data, the Bayesian Gaussian
CP (BGCP) tensor decomposition in [22] enables accurate imputation under temporally correlated
corruption. In particular, the Bayesian model allows explicit treatment of sparse impulse noise alongside
Gaussian noise, thereby enhancing estimation accuracy under hardware impairments. Recent advances
such as the Bayesian sparse Kronecker product decomposition and streaming Bayesian CP decomposition
algorithms [34] also demonstrate improved robustness against non-Gaussian and impulse-like noise.

However, existing algorithms often treat noise as a unified interference source, relying solely on the
signal-to-noise ratio (SNR) as a performance metric without distinguishing the unique effects of different
noise types. Moreover, many conventional approaches assume a Gaussian noise environment, resulting in
insufficient robustness to sparse impulse noise. In this paper, we focus on receiver-side hardware impairments
in mmWave massive MIMO-OFDM systems and propose a structured sparse Bayesian CP (SSBCP)
algorithm for robust channel parameter estimation. By refining the noise modeling and exploiting tensor
decomposition techniques, the proposed algorithm achieves accurate estimation under mixed noise
conditions. The main contributions of this paper are summarized as follows:

• Considering receiver-side hardware impairments, we obtain the tensor representation of the
received signal in mmWave massive MIMO-OFDM systems. These impairments induce sparse
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noise that is present at certain locations within the received signal tensor. Unlike existing algorithms
that treat sparse noise as part of Gaussian noise, the designed model can process sparse noise
separately, thereby better leveraging its characteristics. Furthermore, tensor modeling fully utilizes
the multidimensional structure of the received signal.

• We first design an equivalent hybrid precoding matrix to achieve complex-to-real tensor
transformation while preserving the desired noise characteristics. Then, the structured sparse
Bayesian CP decomposition of the resulting real tensor produces factor matrices that contain
the channel parameters. To enhance the accuracy of this decomposition, the proposed SSBCP
algorithm employs hierarchical prior and variational Bayesian principles, introducing latent binary
variables to selectively activate sparse noise at partial positions, thereby achieving more accurate CP
decomposition. Finally, the proposed SSBCP algorithm precisely extracts the angle of arrival (AoA),
angle of departure (AoD), and delay parameters from the estimated factor matrices.

• We provide a uniqueness analysis for the constructed tensor model with theoretical guarantees
under Kruskal’s condition. Simulation results show that, by accounting for sparse noise characteristics,
the proposed SSBCP algorithm performs posterior approximation of the received signal tensor
within a variational Bayesian inference model, enabling robust estimation of channel parameters.
Compared with ALS [20], BCPF [21], and BGCP [22], the proposed SSBCP algorithm achieves
accurate scattering points (SPs) and mobile stations (MS) localization in non-line-of-sight (NLoS)
environments, while maintaining robustness under severe hardware impairments.

The remainder of this paper is organized as follows: Section 2 presents the mmWave massive
MIMO-OFDM system model with hardware impairments at the receiving antennas. Section 3 details
the proposed SSBCP algorithm. Section 4 provides a proof of uniqueness for the CP decomposition,
Section 5 analyzes the computational complexity, and Section 6 presents the simulation results. Finally,
Section 7 concludes the paper.

Notations and Symbols: In this paper, we adopt the following notation conventions. Italic letters
denote scalar values (e.g., a,A), while bold lowercase letters represent vectors (e.g., a). Bold uppercase
letters indicate matrices (e.g., A), whereas uppercase calligraphic letters refer to tensors (e.g., X ). The
sets R and C represent the real and complex number domains, respectively. Matrix operations are defined
as follows: (·)T represents the transpose, (·)∗ denotes the conjugate, (·)H denotes the Hermitian conjugate,
and (·)−1 refers to the matrix inverse. Additionally, tr(·) indicates the trace operation, ∥·∥2 denotes the
L2 norm, and ∥·∥F stands for the Frobenius norm. rank(A) and kA indicate the rank and Kruskal rank
(k-rank) of A, respectively. The symbol ⊔n denotes the concatenation operation along the n-th dimension
of a tensor. Furthermore, we define the following mathematical operations: ⊛ represents the Hadamard
product, ⊙ denotes the Khatri–Rao product, and ◦ corresponds to the outer product. The standard CP
decomposition is formulated as X = ∑

R
r=1 x(1)·r ◦ · · · ◦ x(N)

·r = JX (1), . . . ,X (N)K. We denote the multivariate
Gaussian distribution as N (x | µ,Σ), where µ is the mean vector, and Σ is the covariance matrix. The
Gamma distribution is denoted as Ga(x | a,b), where a is the shape parameter, and b is the rate parameter.
The Bernoulli distribution is denoted as Bernoulli(x | ρ), where ρ is the success probability. The Beta
distribution is denoted as Beta(x | a,b), where a and b are shape parameters. The notation Eq[·] denotes
the expectation with respect to the variational distribution q(·).
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2. Channel and signal model

Consider a mmWave massive MIMO-OFDM downlink system as illustrated in Figure 1, which consists
of a base station (BS) and an MS. The position of the BS, denoted by pBS, is known. The MS position
pMS = {x,y} ∈ R2, the clock bias B (expressed in meters), and the orientation σ are all unknown. The
environment contains L SPs whose true positions {pSP,l}L

l=1 are uniformly distributed within a defined
region. Time delay τl , measured in seconds, is associated with l-th path, and the corresponding physical
distance is given by dl = cτl −B, where c is the speed of light. Moreover, we adopt the additive stochastic
process model from [35] to characterize the hardware impairment at the receiver. The BS is equipped with
NBS antennas and MBS RF chains, where MBS < NBS, while MS has NMS antennas and NMS RF chains.
The channel comprises L scattering paths between the BS and MS. The mmWave Massive MIMO-OFDM
system contains K training subcarriers among K̄ total subcarriers. Over T consecutive time blocks, the
BS employs a distinct beamforming vector for each subcarrier in every block. The beamforming vector
for the t-th time block and the k-th subcarrier can be expressed as

xk(t) = FRF(t)Fk(t)sk(t),∀k = 1, . . . ,K, (1)

where sk(t) ∈ Cr×1 represents the transmitted data at the k-th subcarrier and t-th time block. The digital
precoding matrix Fk(t) ∈ CMBS×r is used to adjust the transmitted signal, while the RF precoding matrix
FRF(t) ∈ CNBS×MBS remains common across all subcarriers.
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Figure 1. System model.

Then, the received signal yk(t) ∈ CNMS×1 at the MS can be modeled as

yk(t) = Hkxk(t)+ vk(t)+wk(t), (2)

where vk(t) represents sparse noise, and wk(t) accounts for additive Gaussian noise, with the
frequency-domain channel matrix Hk modeled as
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Hk =
L

∑
l=1

αl exp(− j2πτl fsk/K̄)aMS(θl)aT
BS(φl), (3)

where αl represents the complex gain of the l-th path, and fs is the system sampling frequency. aMS(θl)

and aBS(φl) denote the array steering vectors at the MS and BS, for the AoA θl and AoD φl , respectively.
Substituting Equation (1) in Equation (2) gives

yk(t) = HkFRF(t)Fk(t)sk(t)+ vk(t)+wk(t). (4)

Assuming that the digital precoding matrix and pilot symbols are identical for all subcarriers, the
transmitted block at time t is defined as

p(t)≜ FRF(t)F(t)s(t). (5)

Extending the system model over T time blocks yields the received signal at the k-th subcarrier as

Y k = HkP+V k +W k, (6)
where

Y k ≜
[
yk(1), . . . , yk(T )

]
,

P ≜
[
p(1), . . . , p(T )

]
,

V k ≜
[
vk(1), . . . , vk(T )

]
,

W k ≜
[
wk(1), . . . , wk(T )

]
.

Substituting Hk(t) in Equation (6), we obtain

Y k =
L

∑
l=1

α̃l,kaMS(θl)aT
BS(φl)P+V k +W k

=
L

∑
l=1

α̃l,kaMS(θl)ãBS(φl)+V k +W k,

(7)

where α̃ l,k ≜ αl exp(− j2πl fsk/K̄), ãBS(φl)≜ PT aBS(φl). Expanding along the subcarrier dimension K,
the received signal can be expressed in tensor form as Y ∈ CNMS×T×K

Y =
L

∑
l=1

aMS(θl)◦ ãBS(φl)◦ (αlg(τl))+V +W , (8)

where

aMS (θl) =

[
e j2πd

(
NMS−1

2

)
θl
λ ,e j2πd

(
NMS−1

2 −1
)

θl
λ , . . . ,

e j2πd
(
−NMS−1

2

)
θl
λ

]T

,

aBS (φl) =

[
e j2πd

(
NBS−1

2

)
φl
λ ,e j2πd

(
NBS−1

2 −1
)

φl
λ , . . . ,

e j2πd
(
−NBS−1

2

)
φl
λ

]T

,

g(τl) =

[
e(− j2πτl fs(1/K̄)), . . . ,e(− j2πτl fs(K/K̄))

]T

.

(9)
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Furthermore, d denotes the antenna spacing, and λ is the carrier wavelength. V ∈ CNMS×T×K is
the structured sparse noise tensor, and W ∈ CNMS×T×K is the additive Gaussian noise tensor. Define the
following matrix as

A ≜
[
aMS(θ1), . . .aMS(θL)

]
,

B ≜ PT
[
aBS(φ1), . . .aBS(φL)

]
= PT ABS,

C ≜
[
α1g(τ1), . . .αLg(τL)

]
,

(10)

then, we can rewrite Equation (8) in a more compact form as

Y = I L ×1 A×2 PT ABS ×3 C+V +W

= I L ×1 A×2 B×3 C+V +W ,
(11)

where IL ∈ RL×L×L is the identity tensor.

3. The proposed SSBCP algorithm

3.1. Real-valued representation

Due to the increased complexity of decomposing complex-valued tensors, the proposed SSBCP algorithm
avoids direct processing. Instead, it transforms the complex tensor into a real-valued representation prior
to structured sparse Bayesian CP decomposition, thereby enabling the extraction of factor matrices and
channel parameters. Considering aMS (θ) and aBS (φ) are conjugate centrosymmetric [36], the matrices A

and ABS satisfy the following equation ΠNMSA∗ = A

ΠNBSA∗
BS = ABS.

(12)

To construct a real-valued tensor Z ∈RNMS×T×2K, P needs to be set as a centrally Hermitian matrix [37], i.e.,

P = ΠNBSP∗
ΠT . (13)

Thus, we obtain
Y =Y ∗×1 ΠNMS ×2 ΠT ×3 ΠK

=IL ×1 ΠNMSA∗×2 ΠT PHA∗
BS ×3 ΠKC∗

+V +W

=IL ×1 A×2 PT ABS ×3 ΠKC∗+M ,

(14)

where M = V +W , M = M ∗ ×1 ΠNMS ×2 ΠT ×3 ΠK , V = V ∗ ×1 ΠNMS ×2 ΠT ×3 ΠK , and W =

W ∗×1 ΠNMS ×2 ΠT ×3 ΠK . Further, the expanded tensor Z̃ ∈ RNMS×T×2K is obtained:

Z̃ =Y ⊔3 Y

=
(
IL ×1 A×2 PT ABS ×3 C+M

)
⊔3(

IL ×1 A×2 PT ABS ×3 ΠKC∗+M
)

=IL ×1 A×2 PT ABS ×3

[
C

ΠKC∗

]
+M̃ ,

(15)
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where M̃ = M ⊔3 M . Combining Equations (13) and (14), the complex tensor Z̃ can be transformed
into a real-valued tensor Z as

Z =Z̃ ×1 QH
NMS

×2 QH
T ×3 QH

2K

=

(
IL ×1 A×2 PT ABS ×3

[
C

ΠKC∗

])
×1 QH

NMS
×2 QH

T ×3 QH
2K +M̂

=

(
IL ×1 QH

NMS
A×2 QH

T B×3 QH
2K

[
C

ΠKC∗

])
+M̂ ,

(16)

where M̂ = M̃ ×1 QH
NMS

×2 QH
T ×3 QH

2K , and the transformation matrix Q is defined as

Q2n =
1√
2

[
In jIn

Πn − jΠn

]
,

Q2n+1 =
1√
2

 In 0 jIn

0
√

2 0
Πn 0 − jΠn

 , (17)

which n is a positive integer. For notational convenience, we define

X (1) ≜ QH
NMS

A, X (2) ≜ QH
T B, X (3) ≜ QH

2K

[
C

ΠKC∗

]
, (18)

so that Z can be compactly written as

Z = IL ×1 X (1)×2 X (2)×3 X (3)+M̂ . (19)

3.2. Bayesian CP decomposition

Considering Equation (19), Z can be constructed as the following Bayesian tensor model

Z = X +Q⊛S +E , (20)

where X = JX (1),X (2),X (3)K denotes the noise-free received signal tensor; S ∈RNMS×T×2K is the sparse
noise tensor; E ∼ N (0,τ−1) is an additive Gaussian noise tensor; and Q ∈ RNMS×T×2K is the latent
variable tensor, defined as

Q = q◦1, (21)

where q ∈RNMS is a latent variable vector defined along the first dimension, with each element qi1 being a
binary variable indicating whether an anomaly exists for the corresponding antenna

qi1 ∈ {0,1}, i1 = 1, . . . ,NMS, (22)

where 1 ∈ RT×2K is an all-ones matrix, used to broadcast the effect of qi1 across the second and third
dimensions, i.e., Qi1i2i3 = qi1 .

The sparse noise S is modulated by the latent variable tensor Q via the Hadamard product ⊛,
ensuring that sparse noise only affects selected antennas. Thus, the contribution of sparse noise S is
regulated as Q⊛S , ensuring that for any index (i1, i2, i3), if qi1 = 0, the corresponding noise component
Si1,i2,i3 is completely suppressed, and does not affect the observed data. However, when qi1 = 1, the
corresponding sparse noise component contributes to the data generation process. Equation (20) thereby
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enforces a structured sparsity pattern where anomalous noise is activated only on a subset of antennas,
while preserving the analytical tractability of the structured sparse Bayesian CP decomposition algorithm.
The probabilistic graphical model of the structured sparse Bayesian CP decomposition is shown in
Figure 2. For any observed data point (i1, i2, i3), the model expresses the observed value as

Zi1,i2,i3 = ⟨x(1)i1 ,x(2)i2 ,x(3)i3 ⟩+qi1Si1,i2,i3 +Ei1,i2,i3, (23)

where x(1)i1 ,x(2)i2 ,x(3)i3 are the i1-th, i2-th, i3-th row vectors of the CP factor matrices X (1),X (2),X (3)

respectively, and their inner product ⟨x(1)i1 ,x(2)i2 ,x(3)i3 ⟩ denotes Xi1,i2,i3 . The sparse noise component Si1,i2,i3

only influences the observed data when qi1 = 1; otherwise, its contribution is nullified.

Z

X(1) X(2) X(3)

λ

c0 d0

SΩ

γ

aγ0 bγ0

q

ρ

aρ0 bρ0

τ

aτ0 bτ0

Figure 2. Probabilistic graphical model of the structured sparse bayesian CP decomposition.

(1) Prior distribution for each parameter
Prior distributions are typically determined using conjugate distributions, Jeffreys’ principle, or the

maximum entropy principle. To ensure closed-form posterior updates, we assume all parameters in the
model follow conjugate priors. Since the noise E follows a Gaussian distribution Ei1,i2,i3 ∼ N

(
0,τ−1

)
,

the precision parameter τ is assigned a Gamma prior p(τ) = Ga
(
τ | aτ

0,b
τ
0
)
, where aτ

0 and bτ
0 denote the

shape and rate hyperparameters of the prior, respectively.
For the sparse component S , a hierarchical Gaussian prior is adopted, leading to a marginal

Student-t distribution
p(SΩ|γ) = ∏

i1,i2,i3

N (Si1,i2,i3|0,γ−1
i1,i2,i3)

Oi1,i2,i3 . (24)

Each element in the sparse noise tensor S has an individual precision parameter γi1,i2,i3 , which
follows a Gamma prior as

p(γi1,i2,i3) = Ga
(
γi1,i2,i3 | aγ

0,b
γ

0
)
, (25)

where aγ

0 and bγ

0 are shape and rate parameters, respectively. Notably, as γi1,i2,i3 approaches infinity, the
corresponding sparse noise component Si1,i2,i3 is forced to zero.

For factor matrices X (n), a Gaussian prior is assumed to maintain closed-form posterior updates as

9
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p
(
X (1) | λ

)
=

NMS

∏
i1=1

N
(

x(1)i1 | 0,λ−1
)
,

p
(
X (2) | λ

)
=

T

∏
i2=1

N
(

x(2)i2 | 0,λ−1
)
,

p
(
X (3) | λ

)
=

2K

∏
in=3

N
(

x(3)i3 | 0,λ−1
)
,

(26)

where λ = diag{λ1,λ2, . . . ,λR} is a diagonal matrix of precision parameters. Each column precision
parameter λr follows a Gamma prior

p(λ ) =
R

∏
r=1

Ga
(

λr | cr
M,dr

M

)
. (27)

Thus, at the M-th iteration, λ follows a Gamma prior, where cr
M and dr

M are the prior shape and rate
parameters for the r-th column, respectively.

To allow the model to automatically identify antennas affected by noise, the latent variable qi1 is
assigned a sparse prior, incorporating a global mixing coefficient ρ. Specifically, for each antenna i1, we set

p
(
qi1 | ρ

)
= Bernoulli

(
qi1 | ρ

)
, (28)

where qi1 takes values 0 or 1, indicating whether an anomaly exists on the antenna. To model the prior
knowledge of the global proportion of anomalous antennas, we assign a Beta hyperprior to ρ

p(ρ) = Beta(aρ

0 ,b
ρ

0 ), (29)

where aρ

0 and bρ

0 are shape parameters for the Beta distribution respectively.
Assuming all parameters and latent variables are independent in the prior, the joint probability density

function is expressed as

p(ZΩ,Θ) = p
(
ZΩ, {X (n)}3

n=1, SΩ, q, λ ,γ,τ
)

p
(
ZΩ | {X (n)}3

n=1, SΩ, q, τ

)
×

3

∏
n=1

p
(

X (n) | λ

)
p
(
SΩ | γ

)
× p(λ ) p(γ) p(τ) p

(
q | ρ

)
p(ρ),

(30)

where Ω represents the set of observed entries (i.e., only locations where data is available), and
Θ = {X (1),X (2),X (3),λ ,SΩ,γ,τ,q,ρ} is the set of unknown parameters and latent variables. The
likelihood function for observed entries (i1, i2, i3) is

p
(
Zi1,i2,i3 | {X (n)},Si1,i2,i3,qi1,τ

)
=

N
(
Zi1,i2,i3 | ⟨x

(1)
i1 ,x(2)i2 ,x(3)i3 ⟩+qi1Si1,i2,i3,τ

−1
)Oi1,i2,i3

,
(31)

where Oi1,i2,i3 is an indicator function, which equals 1 if the corresponding entry is observed, and 0 otherwise.
(2) Posterior inference and parameter updates
Since exact Bayesian inference for our model is intractable, approximate inference methods must be
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used. We employ mean-field variational inference [21,38], which seeks a factorized posterior distribution
that minimizes the Kullback-Leibler (KL) divergence [39,40]:

KL
(

q(Θ)
∥∥∥ p(Θ|Z Ω)

)
= ln p(Z Ω)−L (q), (32)

where the variational lower bound L (q) is defined as

L (q) =
∫

q(Θ) ln
p(ZΩ,Θ)

q(Θ)
dΘ. (33)

Using a general variational update formula, each parameter is sequentially updated as

lnq j(Θ j) = Eq(Θ\Θ j)

[
ln p(Z Ω,Θ)

]
+ const. (34)

Below, we describe the specific update rules for each parameter.
(a) Posterior updates for factor matrices X (n): Since each row of the factor matrices is assumed

independent in the prior and follows a Gaussian distribution, the posterior also remains Gaussian. Thus,
for the n-th factor matrix, we use the update

qn
(
X (n))= In

∏
in=1

N
(

x(n)in | x̃(n)in ,V (n)
in

)
. (35)

The posterior parameters are updated as

x̃(n)in =Eq[τ]V
(n)
in Eq

[
X (\n)T

in

]
vec
(
(Z −Eq[Q⊛S ])I(Oin=1)

)
,

V (n)
in =

(
Eq[τ]Eq

[
X (\n)T

in X (\n)
in

]
+Eq[λ ]

)−1
,

(36)

where X (\n)
in is the Khatri–Rao product of all factor matrices except for the n-th one, and (·)I(Oin=1) denotes

the observation element of the in-th slice. Since the random variables Q and S are independent, the
expectation of their Hadamard product satisfies E[Q⊛S ] = E[Q]⊛E[S ]. To improve computational
efficiency, precomputed expectations such as Khatri–Rao products are utilized in the updates.

(b) Posterior Updates for Low-Rank Tensor X : Once the factor matrices are updated, the expectation
of the low-rank tensor is computed as

Eq
[
X
]
= JEq

[
X (1)],Eq

[
X (2)],Eq

[
X (3)]K. (37)

(c) Posterior Updates for Precision Parameter λ : Using a Gamma prior, the posterior for each
column-wise precision parameter is updated as

q(λ ) =
R

∏
r=1

Ga
(

λr | cr
M,dr

M

)
, (38)

where
cr

M = cr
0 +

1
2
(NMS +T +2K),

dr
M = dr

0 +
1
2

3

∑
n=1

Eq

[
x(n)T·r x(n)·r

]
.

(39)

(d) Posterior Updates for Noise Precision τ : Similarly, using a Gamma prior, the posterior update for

11
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the noise precision τ follows
q(τ) = Ga(τ | aτ

M,bτ
M), (40)

where
aτ

M =aτ
0 +

1
2 ∑

i1,i2,i3

Oi1,i2,i3,

bτ
M =bτ

0 +
1
2
Eq

[∥∥O ⊛
(
Z − JX (1),X (2),X (3)K

)
−Q⊛S

)∥∥2
F

]
.

(41)

(e) Posterior Updates for Latent Variable q: Since qi1 is modeled as a Bernoulli random variable, its
posterior is updated based on its prior and the likelihood of observing anomalies in the data:

lnq(qi1) ∝ Eq

[
ln p
(
Zi1,·,· | qi1, · · ·

)]
+Eq

[
ln p
(
qi1 | ρ

)]
. (42)

For each antenna i1, we compare the likelihood ratios with and without sparse noise activation

ln
q(qi1 = 1)
q(qi1 = 0)

= Eq

[
ln

ρ

1−ρ

]
+∆i1 , (43)

where ∆i1 measures the improvement in fitting the data when including sparse noise as

∆i1 =Eq[τ] ∑
(i2,i3)∈Ωi1

(
Eq[Si1,i2,i3]

(
Zi1,i2,i3

−Eq[⟨x(1)i1 ,x(2)i2 ,x(3)i3 ⟩]
)
− 1

2
(
Eq[S

2
i1,i2,i3]+σ

2
i1,i2,i3

))
,

(44)

with Ωi1 = {(i2, i3) : (i1, i2, i3) ∈ Ω} denoting the observed positions for antenna i1. Thus, the posterior
probability is

Eq[qi1] =
1

1+ exp(−∆∗
i1)

, (45)

where ∆∗
i1 = Eq

[
ln ρ

1−ρ

]
+∆i1.

(f) Posterior Update for Global Mixing Coefficient ρ: Since ρ follows a Beta prior, its posterior
remains Beta-distributed:

q(ρ) = Beta(aρ

M,bρ

M), (46)

where

aρ

M = aρ

0 +
NMS

∑
i1=1

Eq[qi1],

bρ

M = bρ

0 +NMS −
NMS

∑
i1=1

Eq[qi1 ].

(47)

(g) Posterior Updates for Sparse Noise S : For every (i1, i2, i3) ∈ Ω, the sparse noise posterior is
updated as

q
(
Si1i2i3

)
= N

(
Si1i2i3 | S̃i1i2i3,σ

2
i1i2i3

)
. (48)

To correctly incorporate the antenna-dependent activation of sparse noise, the posterior mean

12
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update is adjusted as

S̃i1i2i3 = σ
2
i1i2i3Eq[τ]

(
Zi1i2i3 −Eq

[
⟨x(1)i1 ,x(2)i2 ,x(3)i3 ⟩

])
Eq[qi1],

σ
2
i1i2i3 =

(
Eq[γi1i2i3]+Eq[τ]

)−1
.

(49)

This ensures that if qi1 = 0, the sparse noise component is fully suppressed, while when qi1 = 1, the
update remains unchanged.

(h) Posterior Updates for Gamma-Distributed Precision Parameter γ : For each sparse noise precision
parameter γi1,i2,i3 , the posterior follows a Gamma distribution

q(γi1,i2,i3) = Ga
(

γi1,i2,i3 | a
γi1,i2,i3
M ,b

γi1,i2,i3
M

)
. (50)

The parameters are updated as

a
γi1,i2,i3
M = aγ

0 +
1
2
,

b
γi1,i2,i3
M = bγ

0 +
1
2

(
S̃ 2

i1,i2,i3 +σ
2
i1,i2,i3

)
.

(51)

(3) Variational Lower Bound Computation
To simultaneously monitor the changes in the approximate lower bound L (q) and reduce redundant

computations, we calculate the variational lower bound at the end of each iteration:

L (q) = Eq

[
ln p
(
ZΩ,Θ

)]
−Eq

[
lnq(Θ)

]
. (52)

We predefine a tolerance threshold tol: If L (q)< tol or ∆L (q)< tol1, it indicates convergence of
the lower bound, and the iteration is terminated. Additionally, the effective model rank R is dynamically
updated based on posterior energy estimates of individual columns in the factor matrices. Specifically,
for each column r of the factor matrix X (n): Compute its energy contribution, such as the expectation
Eq[∥x(n)·,r ∥2]. If the contribution falls below a predefined pruning threshold, the column is considered
irrelevant, and its corresponding precision parameter λr is forced toward infinity. The effective rank Reff is
defined as the count of remaining unpruned components and is updated throughout the iteration process.

Once Reff remains unchanged compared to the previous iteration and the variational lower bound
satisfies the convergence criterion, the iterative process terminates. If the number of iterations exceeds a
preset limit, and the rate of change in L (q) falls below tol or the relative change is below tol1, while the
effective rank remains less than or equal to the target rank, the iteration is forcefully terminated to prevent
unnecessary computations. The initialization of the Bayesian model involves setting the factor matrices
X (n) using either random values or singular value decomposition (SVD), where SVD-based initialization
enhances convergence and estimation accuracy in tensor-based Bayesian models and mmWave massive
MIMO systems [34,37]. Noise and precision hyperparameters are assigned non-informative small values,
and the latent binary variable q is initialized to zero. The model follows a strict convergence criterion,
requiring the variational lower bound improvement ∆L to be less than 10−6, maintaining a stable effective
rank Reff over multiple iterations, and limiting the maximum number of iterations to 2000. This empirical
value was determined through experiments based on the hyperparameter settings and convergence threshold
adopted from prior work [21], ensuring sufficient accuracy while maintaining reasonable runtime.
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Hyperparameters play a crucial role in defining prior distributions, influencing the model’s
convergence behavior and estimation accuracy. The Gaussian noise precision parameter, denoteed by τ , is
assigned a Gamma prior τ ∼ Gamma(aτ

0 = 10−6,bτ
0 = 10−6), ensuring a weakly informative prior that

allows for flexible adaptation to noise levels. Similarly, each element of the sparse noise tensor S has an
individual precision parameter γi1,i2,i3 , following a Gamma prior γi1,i2,i3 ∼ Gamma(aγ

0 = 10−6,bγ

0 = 10−6),
enabling adaptive sparsity control across different tensor entries. For the factor matrices X (n), the column
precision parameters λr are assigned Gamma priors with shape parameters cr

0 = 10−6 and rate parameters
dr

0 = 10−6, maintaining model flexibility in low-rank representation. To enhance the identification of
antennas affected by sparse noise, the latent variable qi1 follows a Bernoulli distribution with a global
mixing parameter ρ , which itself follows a Beta prior with shape parameters aρ

0 = 1 and bρ

0 = NMS. These
hyperparameter choices collectively ensure model flexibility, robustness against varying noise conditions,
and stable numerical behavior during variational inference updates, while maintaining consistency with
the conjugate prior framework for efficient posterior computation.

For numerical stability, a regularization term +εI (with ε = 10−8) is introduced in covariance matrix
computations to prevent singularity issues. Additionally, during sparse noise computation, a stochastic
perturbation with noise strength 0.1 is applied to prevent deterministic biases in the estimation process.
These hyperparameter choices collectively ensure model flexibility, robustness against varying noise
conditions, and stable numerical behavior during iterative updates.

The proposed SSBCP algorithm leverages conjugate priors and variational Bayesian inference,
ensuring closed-form parameter updates. Furthermore, real-time lower-bound computation provides
continuous monitoring of convergence. Automatic rank updates remove redundant factor components,
improving model efficiency. Structured sparsity enforcement ensures that sparse noise appears only on
selected antennas, thereby reflecting physical constraints in real-world applications.

3.3. Channel estimation

As discussed in the next subsection, the structured sparse Bayesian CP decomposition exhibits uniqueness
up to scaling and permutation ambiguities under mild conditions. Specifically, the estimated factor
matrices and the true factor matrices are related as follows. Assume that the real-valued tensor undergoes
structured sparse Bayesian CP decomposition, yielding the estimated real-valued matrices X̂ (1)

, X̂ (2)
, X̂ (3).

According to [20], we have
X̂ (1)

= QH
NMS

AΛ1Γ+E1,

X̂ (2)
= QH

T BΛ2Γ+E2,

X̂ (3)
= QH

2K

[
C

ΠKC∗

]
Λ3Γ+E3,

(53)

where Λ1,Λ2,Λ3 are diagonal matrices constrained by Λ1Λ2Λ3 = I, while Γ represents an unknown
permutation matrix. The terms E1,E2,E3 correspond to the estimation errors of the three factor matrices.

To extract the optimal angles and delay parameters from the estimated factor matrices, we evaluate
the similarity between the estimated factors and predefined array beam directions. Let âl denote the l-th
column of QNMS

X̂ (1), b̂l denote the l-th column of QT X̂ (2), and ĉl denote the l-th column of the first K
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rows of Q2KX̂ (3). The AoA θl is estimated by maximizing the correlation between the estimated vector âl

and the MS array steering vector aMS(θl):

θ̂ l = argmax
θl

|âH
l aMS(θl)|

∥âl∥2∥aMS(θl)∥2
. (54)

The AoD φl is inferred by maximizing the correlation between the estimated vector b̂l and the
transformed BS steering vector ãBS(φl):

φ̂ l = argmax
φl

|b̂H
l ãBS(φl)|

∥b̂l∥2∥ãBS(φl)∥2
. (55)

The delay τl is obtained by minimizing the error between the estimated delay vector ĉl and
the delay vector g(τl):

τ̂ l = argmin
τl

|ĉH
l g(τl)|

∥ĉl∥2∥g(τl)∥2
. (56)

3.4. Localization

Each NLoS path provides geometric constraints that can be interpreted as two directional lines in space.
One line originates from the BS and extends in the direction of the AoD, the other originates from the MS
and extends in the direction of the AoA, adjusted by the MS orientation σ . These lines do not represent
full trajectories but rather candidate positions for the SPs along each path.

Let pBS denote the known BS position. For the l-th path, the directional point from the BS is defined as

sBS
l (ρ1) = pBS +ρ1u(φl), (57)

where u(·) = [cos ·, sin ·]T is the unit direction vector. The directional point from the MS is defined as

sMS
l (ρ2) = pMS +ρ2u(π −θl +σ). (58)

The total propagation distance along the path is constrained by τl , such that

ρ1 +ρ2 = dl = cτl −B. (59)

Due to measurement noise, the two directional lines for each path do not intersect exactly. To resolve this,
we adopt a weighted least-squares formulation based on geometric consistency. For each path l, we define

il = pBS − (dl −B)u(π −θl +σ),

jl = (dl −B)
(
u(φl)+u(π −θl +σ)

)
,

(60)

so that the MS position satisfies pMS = il + vl jl with vl ∈ [0,1]. The estimate of the MS position is
obtained by minimizing the sum of weighted orthogonal distances from pMS to each line il + vl jl:

p̂MS =
( L

∑
l=1

ξl
(
I − j̄l j̄Tl

))−1( L

∑
l=1

ξl
(
I − j̄l j̄Tl

)
il
)
, (61)

where j̄l = jl/∥ jl∥ and ξl > 0 is a confidence weight assigned to the l-th path, which can be chosen
according to the estimated reliability of the extracted parameters.

Since the solution depends on the unknown clock bias B and orientation σ , we determine their
optimal values by a two-dimensional (2D) search that minimizes the following residual function:
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R(σ ,B) =
2

NsL(L−1)

Ns

∑
n=1

L

∑
l=1

∑
l′>l

d(n)
l,l′ , (62)

where Ns is the number of Monte Carlo samples and d(n)
l,l′ denotes the shortest Euclidean distance between

the lines corresponding to paths l and l′ in the n-th sample. The pair (σ̂ , B̂) that minimizes R(σ ,B) is
used to compute the final MS position estimate via the weighted least-squares solution above.

Once the estimated MS position p̂MS, estimated clock bias B̂, and estimated orientation σ̂ are
obtained, the position of the l-th SP can be estimated as the point that lies closest to both the BS-originating
ray and the MS-originating ray. The closed-form estimate is given by

p̂SP,l =
(
CBS,l +CMS,l

)−1(CBS,l pBS +CMS,l p̂MS
)
, (63)

where CBS,l = I −u(φl)u(φl)
T and CMS,l = I −u(π −θl +σ)u(π −θl +σ)T .

Algorithm 1 summarizes the complete procedure of the proposed SSBCP algorithm.

Algorithm 1 The Proposed SSBCP Algorithm

1: Construct the received tensor signal Y ∈ CNMS×T×K using Equation (8);

2: Obtain real-valued tensor Z ∈ CNMS×T×2K using Equations (12)–(19);

3: structured sparse Bayesian CP decomposition:
3.1: Initialization: Initialize factor matrices {X (n)}3

n=1,

sparse noise term S ; and hyperparameters λ , γ , τ , ρ;

initialize latent variable q;

Repeat;
3.2: For n = 1 to 3

Update factor matrix X (n) using Equation (36);

EndFor
3.3: Compute Eq[X ] using Equation (35);

3.4: Update λ using Equation (38);

3.5: Update τ using Equation (40);

3.6: Update q and ρ using Equations (45) and (46);

3.7: Update S and its precision γ using Equations (48) and (50);

3.8: Recalculate the variational lower bound L (q) using Equation (52);

3.9: Prune inactive components and dynamically adjust model rank R;

Until the lower bound converges and the effective rank stabilizes;

3.10: Extract posterior mean estimates of factor matrices X̂ (n)

and latent variables q; infer missing data based on the posterior distribution of S ;

4: Estimate channel parameters {θ̂l, φ̂l, τ̂l}L
l=1 from estimated factor matrices with Equations (54)–(56);

5: Estimate MS position p̂MS and SP positions {p̂SP,l}L
l=1 using Equations (61) and (63).

4. Uniqueness

Kruskal’s condition is widely recognised as a sufficient condition for the essential uniqueness of the CP
decomposition. For the real-valued tensor Z , Kruskal’s condition [41] is satisfied
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kX (1) + kX (2) + kX (3) ≥ 2L+2, (64)

where kX(1),kX(2),kX(3) denote the k-ranks of factor matrices X(1),X(2),X(3), respectively, the structured sparse
Bayesian CP decomposition is essentially unique up to column permutation and scaling ambiguities, which
do not affect the parameter extraction from factor matrices. When θl is distinct, based on the full k-rank
characteristic of QNMS

, the k-rank of X(1) satisfies [37]: kX(1) = kQH
NMS

A = kA ≥ min(NMS,L). Similarly, when

φl is distinct and rank (P)≥ L, the k-rank of X(2) satisfies: kX(2) = kQH
T (P

T ABS)
= kPT ABS

≥ min(T,L). When
τl is distinct, the k-rank of X(3) satisfies kX(3) ≥ min(2K,L). If the system parameters satisfy

NMS ≥ L, T ≥ L, 2K ≥ L, (65)

then Equation (64) can be rewritten as

min(NMS,T,2K,L)≥ 2. (66)

5. Computational complexity analysis

This section analyzes the computational complexity per variational iteration of the SSBCP algorithm. The
dominant cost stems from factor updates and sparse-noise updates. Updating each factor involves applying
the Khatri–Rao product of the other two factors to the unfolded residual; a direct implementation incurs
O
(
LNMST(2K)

)
. By leveraging Gram precomputation and Hadamard products, the explicit Khatri–Rao

construction is replaced by a Gram computation of O
(
L2(NMS+T +2K)

)
, accompanied by the mean-update

term of O
(
LNMST(2K)

)
. Each factor update also requires inverting an L×L posterior covariance matrix. If

a distinct inverse is computed for every row, the cost accumulates to O
(
L3(NMS+T +2K)

)
; this reduces to

O(L3) when a common covariance per mode is reused or approximated. Sparse noise and binary activation
updates process each observed entry, contributing O

(
NMST(2K)

)
. Hyperparameter updates and variational

bound evaluation are of lower order. Combining these contributions yields the conservative per-iteration
bound O

(
L3(NMS+T +2K)+L2(NMS+T +2K)+LNMST(2K)

)
.

6. Simulation results

This section evaluates the performance of the proposed SSBCP algorithm for parameter extraction and
localization with the root mean square error (RMSE). The RMSE of the parameter estimate is defined as

RMSE(ψ) =

√√√√1
L

L

∑
l=1

(ψ̂l −ψl)
2, (67)

where ψ = {θ ,φ ,τ}. Besides, the RMSE of the MS position estimate p̂(i)MS is defined as

RMSEMS =

√√√√ 1
NMC

NMC

∑
i=1

∥∥p̂(i)MS − p(i)MS

∥∥2
, (68)

where p̂(i)MS and p(i)MS denote the estimated and true MS positions in the i-th Monte Carlo trial respectively,
and NMC is the total number of trials. The RMSE of the SP position estimate is given by

RMSESP =

√√√√ 1
NMC

NMC

∑
i=1

1
L

L

∑
l=1

∥∥p̂(i)SP,l − p(i)SP,l

∥∥2
. (69)
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The proposed SSBCP algorithm is compared with the ALS algorithm [20], BCPF algorithm [21],
and BGCP algorithm [22]. The following parameters remain consistent across all compared algorithms
and experiments: NBS = 64, NMS = 8, T = 12, and NMC = 100 Monte Carlo trials.

In the first experiment, we investigate the impact of the number of SP, i.e., L, on the estimation
performance. The parameter settings are as follows: L ∈ {2,3,4} while fixing the number of subcarriers
at K = 12 and the sparse noise ratio at SR = 0.01. Figure 3 gives the RMSE performance for different
algorithms in estimating AoA/AoD and delay parameters across varying SNR levels for different L. As
Figure 3 shows that the RMSE of all algorithms decreases with increasing SNR, demonstrating improved
estimation accuracy under lower noise conditions. Under the more challenging condition of L = 4, the
performance of the ALS algorithm deteriorates significantly. In contrast, Bayesian algorithms, including
the proposed SSBCP algorithm, demonstrate robust stability. Overall, the proposed SSBCP algorithm
remains stable for target numbers L = {2,3,4}, its estimation error is consistently lower than that of all
other algorithms under comparison. The superior performance confirms the effectiveness and reliability
of the proposed SSBCP algorithm for parameter extraction in challenging multi-path environments.

(a) (b)

(c)

Figure 3. RMSE versus SNR for different K and SR; (a) L = 2, K = 16, SR = 0.01;
(b) L = 2, K = 8, SR = 0.01; (c) L = 2, K = 8, SR = 0.05.

In the second experiment, we consider the effects of both the number of subcarriers K and the sparse
noise ratio SR on algorithm performance under four distinct configurations: (a) L = 2, K = 16, SR = 0.01;
(b) L = 2, K = 8, SR = 0.01; and (c) L = 2, K = 8, SR = 0.05. As demonstrated in Figure 4, the proposed
SSBCP algorithm consistently achieves convergence while accurately recovering the target AoA/AoD
and delay parameters for L targets, regardless of whether the subcarrier number is halved or doubled. This
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robust performance demonstrates the proposed SSBCP algorithm’s excellent adaptability to dimensional
expansion in tensor processing and confirms its stability against subcarrier quantity variations. Notably,
BGCP maintains a relatively high RMSE even at high SNR, suggesting weaker stability in low-noise
environments. ALS demonstrates a more consistent downward trend across mid-to-high SNR ranges,
showing stronger robustness under moderate noise. In contrast, the proposed SSBCP algorithm exhibits
the most significant RMSE reduction across the entire range, particularly in low-SNR scenarios, where
it effectively suppresses noise and maintains higher precision. This demonstrates the proposed SSBCP
algorithm’s superior capability in handling sparse noise and signal decomposition, ensuring high accuracy
even in challenging low-SNR environments.

(a) (b)

(c)

Figure 4. RMSE versus SNR for different L, where K = 12 and SR = 0.01; (a) L = 2;
(b) L = 3; (c) L = 4.

In the third experiment, to further evaluate the localization performance of the proposed SSBCP
algorithm under NLoS conditions, we design a 2D localization experiment based on SPs. In the experiment,
the SPs are uniformly sampled within the region [0,160]× [−50,20] meters. The MS orientation σ is set
to zero, and the clock bias B is set to 20 meters. All experiments are conducted at a fixed SNR, i.e., 25 dB.
Two configurations are tested: one uses L = 3, and the other uses L = 5. As shown in Figure 5, with 3
NLoS SPs, the proposed SSBCP algorithm combined with geometric consistency achieves reliable and
accurate positioning. Even when the number of SPs is increased to 5, the proposed SSBCP algorithm
maintains a high level of localization accuracy, as demonstrated in Figure 6. These results demonstrate
that the proposed SSBCP algorithm delivers robust parameter estimation and localization for both MS
and SPs under NLoS conditions in both tested configurations.
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Figure 5. Localization RMSE with 3 NLoS SPs.

Figure 6. Localization RMSE with 5 NLoS SPs.

7. Conclusion

This paper has introduced an SSBCP algorithm for channel parameter extraction and localization in
mmWave massive MIMO-OFDM systems. The proposed SSBCP algorithm has explicitly modeled
receiver-side hardware impairments as a combination of sparse impulse noise and Gaussian noise,
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departing from traditional i.i.d assumptions. By constructing a real-valued tensor representation
and incorporating structured sparsity through latent binary variables, the proposed SSBCP algorithm
has been designed to effectively mitigate the impact of sparse noise and enables robust parameter
estimation. The algorithm has leveraged hierarchical priors and variational Bayesian inference to achieve
uncertainty quantification and noise suppression. Theoretical analysis has confirmed the uniqueness of
the decomposition, while simulation results have demonstrated strong performance across varying SNR
levels and sparse noise conditions. Nevertheless, its direct applicability to other communication systems
requires further validation, as the underlying assumptions may not hold in those contexts. Additionally,
the algorithm’s effectiveness depends on the sparse noise ratio staying within a reasonable range, an
excessively high ratio can severely corrupt the observations and potentially compromise the convergence
stability of variational inference. Overall, the proposed SSBCP algorithm has provided a unified and
scalable solution for joint channel estimation and positioning under realistic hardware constraints,
offering enhanced reliability for next-generation wireless systems. In future work, we will focus on
extending the proposed algorithm to RIS-assisted communication systems [42,43], including advanced
variants such as active simultaneously transmitting and reflecting surfaces (ASTARS/STARS) [44,45].
Additionally, we will develop higher-order Bayesian tensor decomposition algorithms to adapt to more
complex propagation environments.
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