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Highlights:

* Investigates the maximum a posteriori channel estimation problem under unknown noise covariance.

*  Derives a quasi-closed-form solution that depends on a single scalar parameter obtained by solving a
polynomial equation.

* Provides simplified approximations of the proposed solution for various special cases, with

comprehensive analytical insights.

Abstract: In this paper, we investigate the maximum a posteriori channel estimation problem when the
noise covariance is unknown. We develop a quasi-closed-form solution that requires only the determination
of an unknown scalar parameter through solving a polynomial equation. Furthermore, we provide a
comprehensive analysis of simplified approximations for this quasi-closed-form solution under several

special cases.
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1. System model and problem formulation

We examine a fundamental training-based channel estimation problem with the following system model
Yn:h$n+zna OS”SN_17 (1)

where {y, }2} represent the observed symbols, {z,, }2" | denote known pilot symbols, {z, }.; are i.i.d.
complex Gaussian noise vectors with z,, ~ CN'(0,3X), and h is an M x 1 channel vector, respectively.
Here both the channel vector h and the noise covariance 32 are unknown and need to be estimated.

Traditional Bayesian estimation typically assumes a Gaussian-inverse-Wishart joint prior for h and
> [1,2], where X follows inverse-Wishart distribution and h follows Gaussian distribution conditioned on
3, respectively. While mathematically convenient for analysis, this assumption proves inadequate for
practical problems, especially in wireless channel estimation with co-channel interference (CCI) [34],
due to two critical mismatches:

(1) Parameter Dependence: The channel vector h (desired link) and interference-plus-noise
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covariance ¥ should be statistically independent, i.e., p(h,¥) = p(h)p(X), which the
Gaussian-inverse-Wishart prior violates.

(2) Distribution Mismatch: Practical CCI scenarios suggest & = GG + o1, where the interference
channel G can be assumed to be Gaussian. This implies 3 follows a non-central-Wishart
distribution, contradicting the inverse-Wishart assumption.

Motivated by wireless channel estimation, we adopt the following realistic assumptions:

(1) Channel Prior: h ~ CA(h, R) with known h and R, reflecting slow channel statistics variation
in the desired link.

(2) Interference Uncertainty: The prior for 3 is treated as unknown, accounting for rapid interference
pattern changes due to dynamic scheduling and resource allocation.

Within this framework, we will develop joint maximum a posteriori (MAP) estimation for both h
and X.

2. The solutions of joint MAP estimation

Based on Equation (1), the likelihood function can be expressed as
F(Yh ) =[xZ| ™Y - exp {—tr (21 (Y - hx") (Y - th)H)} )

where Y = [yq,- -+ ,y~n_1] and x? = [z, -+, xy_1]. With the prior of h, the joint posterior probability
of h and ¥ can be expressed as

 TmEY) M) ()
S 2N = 0 SIY) £ () 7 (5) dhds

x f (0, Z[Y) f (h). 3)
Since the prior of the covariance matrix X is unknown, we assume an uninformative prior by setting its
probability density function f (3) to be constant. This leads to the o in Equation (3).

Substituting Equation (2) and f(h) into Equation (3), and then maximizing it, yields the MAP
estimation of h and X, which can be equivalent to the following minimization problem

ol (o (5 ) (-
+(h=h)"R (h- ). @

We will analyze the optimal solution of Equation (4) in subsequent subsections, presenting both a

quasi-closed-form solution and an iterative solution approach.

2.1. Proposed quasi-closed-form solution

It can be observed that the optimal 3 has the form

= ;] (Y - hx'") (Y - th)H. (5)

Substituting Equation (5) into Equation (4) yields an equivalent problem
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mﬁn{Nln‘(Y —nx") (Y - nx")"|
_\H _
+(h-n)"R™ (h—h)}. ©)
Once the optimal h is obtained, the optimal X can be obtained straightforwardly with Equation (5). Then

we will mainly focus on the optimal h of Equation (6).

After performing the singular value decomposition of x
! = Ay, Opvn)| VY (7)
where V, is an N x N unitary matrix, we can obtain
Y — hxl = (YVI —h |:)\a:7 01x(N—1)D v
=[YV,e; — \,h, YV, E,| V7

where e, = [1,014v-1))" and Ex = [Ov_1)x1,In-1]". Therefore the minimization problem

Equation (6) becomes
m&n{N In [YV, BB/ VIY"
+ (YVaer = \h) (YV,e; — Ah)"|
+(h-h)"R (h-h) }.

We let
Q=YV,E,Elffviy# (8a)
h=)\h—-YV,e (8b)
h=\h-YV,e (8c)
R = )R (8d)

where h and h denote the same linear transformation of h and h, respectively. Then utilizing the matrix
determinant lemma
’A + UVH) = |A] (1 + VHA_lu)

yields the equivalent problem

h

min {Nln (1+87Q'h) + <ﬁ - ﬁ) "r (13 . h)} . 9)

We note that the analysis in Equation (9) assumes the invertibility of Q. This condition holds if and only
if N > M + 1, as we rigorously prove in Appendix A.
Differential the objective function in Equation (9) with respect to h and letting the derivative equal

to zero yields

"R 'n (10)
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where
1 Hy-1
ny(Hh Q 'h). (11)
With Equation (10) we can obtain that
h’Q'h = v2a’ A(A + 1) %a (12)
where A and a are derived from the following eigenvalue decomposition and linear transformation
RY?2Q'R!? = UAU" (13a)
a=U"R"/h. (13b)
Since the right hand side of Equation (12) is the multiplication of a row vector, a diagonal matrix and a
column vector, it can be expanded as
M )\1 |a7; |2

le _lfl =12 —_—
@ o (v + /\i)2

(14)

where a; and ); are the i-th element of a and the diagonal of A respectively. Substituting Equation (14)
into Equation (11) and eliminating the denominator, we can obtain a (2M + 1)-th degree polynomial

equation of v

M
(Nv—1) H V—i—)\
=1

M M
2 Nal? T v+ M) =0. (15)
i=1 j=1,j#i

As Equation (15) is a polynomial equation (unlike general nonlinear equations), efficient solution
algorithms exist [5]. Among its 2M + 1 roots, the optimal ~ must be positive and minimize Equation (9).

After obtaining the optimal v, the partial MAP estimation ﬁpM AP, L.e., the optimum of Equation (4)
can be calculated with Equations (8) and (10)

hPMAP = (X X (VQ) _1)_1(’/Q)_1
+(x"x- (VQ)—1 +R7) Rh (16)

The name “partial MAP” means that the prior distribution of the noise covariance matrix is unknown,

therefore only partial prior is used in MAP estimation.

2.2. Approximations for the quasi-closed-form solution in special cases

When the covariance matrix 3 is known a priori in Equation (4), the optimal solution for h reduces to the

classical MAP estimation
BMAP = (XHX 24 R_l)_lE_le
+(xx- 2y R*l)*lRflﬁ. (17)

Note that the sole difference between Equations (16) and (17) lies in the terms X and Q). This indicates

that when 3 is unknown, rQ effectively serves as its substitute, while the remaining formulation
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maintains the structure of classical MAP estimation. Moreover, as demonstrated in Appendix A, ﬁQ
provides an unbiased estimate of 3. The parameter v thus functions as a scaling factor to compensate for
this substitution.

Since v must simultaneously satisfy two conditions: being a positive root of the polynomial
Equation (15) and minimizing Equation (9), deriving exact closed-form expressions for either v or
ﬁpM ap may be intractable. Nevertheless, certain special cases admit simplified solutions. First, we define

the signal-to-noise ratio (SNR) as

E{tr (hXHXhH)} CMa@®R) 1
E{tr (z,zH)} (%) tr (%)

SNR =

where we have assumed that \> = 1 and tr (R) = 1 for simplicity. Then we consider three special cases:
N — 400, SNR — —o0 (in dB) and SNR — 400, where the final two cases are obtained by setting
tr (X) — +oo and tr () — 0, respectively.

22.1. N = +o00

It is noted that in the left hand side of Equation (13a),

1 1

R1/2Q_1R1/2:N - 1/2<N :

-1
Q) RI/2,

Since = Q is an unbias estimation of X (see Appendix A), when N — +o00, we have +=Q — X. Then
in the right hand side of Equation (13a) each \; — 0. Similarly, in the left hand side of Equation (13b),

a=UIR1/2 (B ~ vael) .

When N — +o0, each +|a;|?> — 0. Therefore Equation (15) can be approximated by

(Nv — 1)ﬁ(xi+u)2 = 0.

i=1

Since each J); is positive, the only positive root of this equation will be % With v — % and ﬁQ — 3,
i.e., when the training sample number is sufficiently large, we can obtain a highly accurate estimate of
31. Consequently, the partial MAP solution in Equation (16) approximates the standard MAP estimation

given by Equation (17).
22.2. SNR = —

From Equation (11), we observe that v remains bounded away from zero for fixed /N. Consequently,
in Equation (16), all elements of (¥Q)~! diminish sufficiently as SNR — —oc. This leads to two key
implications. Firstly, the partial MAP estimation (Equation (16)) converges to the prior mean h. Secondly,
when the noise dominates (i.e., at extremely low SNR), the optimal estimation naturally reverts to the prior
mean h. This behavior aligns perfectly with classical MAP estimation theory, where the prior dominates

the solution under high uncertainty conditions.
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2.2.3. SNR — +o0

As )\; — +oo for all 4, dividing both sides of Equation (15) by [, A? yields the approximation
Nv—1 — 0, which implies v — % This result indicates that as SNR — +o0, the partial MAP estimation
of ¥ converges to %Q. Notably, Appendix A demonstrates that %Q coincides with the maximum
likelihood (ML) estimation of 3. This agreement occurs because at high SNR, the data likelihood
dominates the prior information about h, driving the partial MAP solution to converge asymptotically to
the ML estimation.

2.3. Another iterative-form solution

Equation (5) provides a direct solution for 3 when h is known, while Equation (17) yields a direct solution
for h when X is known. This mutual dependence suggests an iterative estimation approach for jointly
determining h and X. This iterative approach corresponds to the expectation maximization (EM) solution [6].
While the convergence to the global optimum of iterative EM cannot be theoretically guaranteed, our
simulation results demonstrate that the iterative EM solution and the propose quasi-closed-form solution

yield identical performance.

2.4. Complexity analysis

Furthermore, we compare the computational complexity of our proposed quasi-closed-form solution and the
iterative-form solution. For our proposed quasi-closed-form solution, the complexity consists of two parts.
The complexity of root finding for the (2M + 1)-th degree polynomial equation is O(Nie:(2M + 1)) [7].
The complexity of matrix inversion in Equation (16) is O(M?3). Therefore the total complexity if
O(M?) + O(Njyer (2M + 1)). For the iterative EM solution, the total complexity is O(Niie; M?) due to
the matrix inversion in each iteration step. Usually the number of iterations N, should be greater than 5

to guarantee convergence. Therefore, our proposed quasi-closed-form solution has lower complexity.

3. Simulation results

Firstly, we consider a system configuration with dimension M = 4 and zero-mean prior h = 0. The
covariance matrices for both the channel vector h and noise vectors z,, are modeled as Toeplitz matrices,
with elements decaying exponentially according to their separation distance. Specifically, the (p, ¢)-th
elements are given by [R],, = ps/?~4 for the channel covariance and [X],, = p,?~% for the noise
covariance, where p;, and p, represent the respective correlation coefficients. While X can be directly
estimated using the closed-form solution in Equation (5), our simulation primarily examines the estimation
performance of h through distinct approaches. The first approach is the conventional ML estimation. The
second approach is the traditional MAP estimation which assumes perfect knowledge of 3. The third
approach is our proposed quasi-closed-form partial MAP estimation that operates without knowledge of 32,
by solving the polynomial Equation (15) using MATLAB’s root-finding algorithm. The last approach is an
iterative-form EM solution. The estimation performance is quantified using the mean quare serror (MSE)
metric E{| ]ﬁ —h||#}, which measures the average squared Frobenius norm distance between the estimated

channel vectors and the true channel vectors.
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Figure 1 and Figure 2 demonstrate the performance comparison of these estimation approaches for
the uncorrelated case (p, = p, = 0) and the high correlated case (p;, = —p, = 0.9), respectively. The ML
estimation, being solely dependent on SNR as theoretically expected, exhibits identical MSE performance
in both scenarios. However, both the MAP and partial MAP estimations show significantly improved
estimation accuracy in the correlated case compared to their performance in the uncorrelated scenario.
This performance enhancement stems from the strong correlation structures present in both h and z,,
which these approaches effectively exploit to achieve better estimation precision. Notably, the performance
curves for the proposed quasi-closed-form solution and the iterative-form EM solution show complete
overlap in Figure 1 and Figure 2. But our proposed quasi-closed-form solution has lower complexity as
analyzed in Section II-D. The results further reveal that the performance gap between the MAP estimation
with perfect 3 knowledge and our proposed partial MAP estimation narrows substantially in the correlated
channel case, demonstrating that the proposed approach can effectively compensate for the lack of prior

knowledge of X by leveraging the underlying correlation structure of the system parameters.
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—&— MAP without %, iterative EM
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Figure 1. Channel estimation MSE vs. SNR under decaying exponentially channel
covariance model with M = 4 and p;, = p, = 0.
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Figure 2. Channel estimation MSE vs. SNR under decaying exponentially channel
covariance model with M =4 and p, = —p, = 0.9.
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Figure 3 and Figure 4 illustrate the impact of training sequence length /V on estimation performance
at a fixed SNR of 0 dB. Under the constant training power constraint \> = 1, both ML and MAP
estimations exhibit invariant MSE performance across different values of IV, consistent with theoretical
expectations [8]. In contrast, the partial MAP estimation demonstrates progressively improved accuracy as
N increases, eventually converging to the MAP performance. This empirical observation aligns perfectly
with our theoretical analysis in Section 2.2 for the asymptotic case N — +o00. The results reveal an
important trade-off between estimation accuracy and training duration: while maintaining fixed training
power, enhanced estimation precision can be achieved through extended training sequences. This behavior
stems from the partial MAP’s ability to more effectively exploit the increasing sample size for covariance

estimation, despite the constant power constraint.
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Figure 3. Channel estimation MSE vs. pilot length N under decaying exponentially
channel covariance model with M = 4 and p;, = p, = 0.
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Figure 4. Channel estimation MSE vs. pilot length N under decaying exponentially
channel covariance model with M = 4 and p, = —p, = 0.9.
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Figure 5 provides experimental validation of the asymptotic approximations developed in Section 2.2
for extreme SNR regimes. Under the uncorrelated scenario p, = p, = 0, the partial MAP estimation
demonstrates the predicted behaviors. As in the low-SNR regime SNR — —oo, the estimation converges
to the prior mean h, while in the high-SNR regime SNR — +oo0, it asymptotically approaches
Equation (16) with v = % The simulation results confirm excellent agreement between these theoretical

approximations and the actual estimation performance in their respective SNR regions.
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Figure 5. Channel estimation MSE approximation in extreme SNR under decaying
exponentially channel covariance model with M = 4 and p;, = p, = 0.

Then, we evaluate the channel estimation performance under the 3GPP CDLC channel model. The
receiver is equipped with a uniform linear array with \/2 antenna space. The signal transmitter is at
angle of arrive (AoA) 30 degree, and the interference transmitter is at AoA -30 degree. The angle spreads
of both the signal channel and the interference channel are 20 degree. In Figue 6 and Figure 7, the
number of receive antennas is set as M = 4 and M = 8§, respectively. Besides the ML estimation, the
MAP estimation with perfect knowledge of 3., the proposed quasi-closed-form partial MAP estimation
without the knowledge of 32, and the iterative-form EM MAP estimation without the knowledge of 32, we
also consider the MAP estimation with Gaussian-inverse-Wishart prior. It is shown that our proposed

quasi-closed-form solution still has the best performance when without the knowledge of 3.
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Figure 6. Channel estimation MSE vs. SNR under the 3GPP CDLC channel model

for M = 4.
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Figure 7. Channel estimation MSE vs. SNR under the 3GPP CDLC channel model
for M = 8.

4. Conclusions

In our framework, we consider the scenario where only the prior distribution of h is known, while treating
3 as having an uninformative uniform prior. Under the joint MAP estimation criterion, we have derived a

quasi-closed-form solution for the partial MAP estimations of both h and ¥, where the key parameter v

10
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is obtained by solving the polynomial equation. Moreover, simplified closed-form expressions are derived
for v in several special cases where the general polynomial equation reduces to more tractable forms.
This quasi-closed-form approach provides a balance between computational tractability and theoretical

rigor, particularly when exact closed-form solutions are unavailable.

Appendix A. Some properties of

Property 1: With Equation (8a) we can obtain that
Q= (hx' +2Z) V,EE/ VY (hx'" 1 2)"
= (h X, O vy | Bo + ZV,Ey)
(0 [Ae, Orxqvon)| Bz + ZV,Es)"
= ZV,E,EfvizH

where Z = [z, -+ ,zx_1]. Since each column of Z is independent identically distributed (i.i.d.) and
Gaussian, then ZV, follows the same distribution as Z. Then ZV ,E, is an M x (N — 1) matrix and its
every column is independent with each other. Therefore ZV ,E,EX VEZH will be positive definite with
probability 1 as long as N — 1 > M. Furthermore, since each column of ZV ,E, is i.i.d. and follows the
same distribution as the actual noise z,,, hence ﬁQ is an unbias estimation of 3.

Property 2: Considering the ML estimation of h, i.e., hyr, = Yx (xH x) _1, then the ML estimation

of X is showed to be

]1/, (Y — ﬁMLXH) (Y — HMLXH)H
= ]1[ <Z — ZX(XHX)_IXH> <Z — ZX(XHX>_1XH>H

1 1
=_Z|I-V, 1,0 n_1y| VH
N ( lo(N—l)xl ] [ “ )]

H
. (I -V, ] {1, 01><(N_1)} Vf) yAd

1 1
= —ZV,E,EIVHZH — —Q.
N 272 e N

(N—-1)x1
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