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Abstract: In statistical physics, the Gibbs canonical distribution is derived from the 

microcanonical distribution. In this article, the canonical distribution for pairwise collisions 

of polyatomic molecules in gases is derived from the microcanonical distribution for 

molecular collisions. The derivation of the canonical distribution takes into account both 

chaotic and regular transient state dynamics in molecular collisions by separating the 

vibrational-rotational states of molecules into active and passive at the moment of collision. 

The canonical distribution has been obtained in quadratures for the collisional activation of 

polyatomic molecules in equilibrium and non-equilibrium molecular media. In the classical 

approximation for the density of vibrational-rotational states, analytical expressions are 

obtained for all moments n of the canonical distribution in the form of some polynomials of 

the n-th order for both of these cases of collisional activation. The numbers of active degrees 

of freedom are estimated from a comparison of theory with experimental data on 

monomolecular reactions at low pressures. 

Keywords: collisions of polyatomic molecules; microcanonical distribution for collisions; 

canonical distribution for collisions; moments of the canonical distribution for collisions; gas 
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1. Introduction 

The dynamics of microparticle collisions in gases involving polyatomic molecules is one of 

the most difficult problems of theoretical physics [1,2]. This difficulty is associated with the 

solution of the many-body problem, which is difficult to analyze even with the use of 

approximations [3–13]. On the other hand, in applied problems of chemical kinetics [14,15], 

it is often sufficient to know the rate of vibrational-rotational energy transfer during 

collisions, which determines the rate of chemical reactions. A striking example here are 

monomolecular reactions [16] at low pressures [17‒19]. 

There are two ways to find a solution to the energy transfer problem. The first method is 

to solve a dynamic problem with subsequent coarsening of the obtained results [20,21]. 

However, this method is very labor-intensive, and often this labor-intensiveness does not 
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correlate with the significance of the problem being solved in this way. The second method 

is to find a simple and effective model of collisions of molecules and energy transfer between 

them. The simplicity of this second method can be associated with the use of a statistical 

approach to solving the problem. Its effectiveness should be associated with taking into 

account the most characteristic features of the collision dynamics. This article proposes 

exactly this statistical approach to collisions of polyatomic molecules, taking into account 

the dynamic features of collisions. 

This statistical approach is based on the microcanonical distribution for molecular 

collisions [22]. In statistical collisions of polyatomic molecules M and M1, it is assumed that 

the electronic states of the molecules do not change, and only the redistribution of the 

vibrational–rotational energy of molecules during their collisions occurs. Here, the joint 

consideration of the chaotic and regular dynamics of the transient state is described by 

dividing all the degrees of freedom of the colliding molecules M and M1 into active and 

passive. The degrees of freedom active in the process of collisions include rotational and low-

frequency vibrational degrees of freedom. Passive degrees of freedom include high-

frequency oscillatory degrees of freedom, which “come into play” after the elementary act of 

collision. From the microcanonical distribution for molecular collisions [22], a canonical 

distribution is derived for the redistribution of the vibrational–rotational energy of molecules 

M during collisions, when they constitute a small impurity in the equilibrium medium of 

molecules M1. Analytical formulas are obtained for all moments of the n-th order of the 

canonical distribution. A generalization of the theory to the case of activation of molecules 

M in non-equilibrium media of molecules M1 is obtained. The theory is compared with 

experimental data on monomolecular reactions [16] at low pressures [17‒19], where the 

reaction rate is limited not by the high rate of monomolecular decay, but by the low rate of 

energy transfer in molecular collisions. 

2. Theory 

Let 𝑥 and 𝑣1 be the vibrational-rotational energies before the collision of molecules M and 

M1, and 𝑥 ′ and 𝑣1
′  be their vibrational-rotational energies after the collision. (Here and below, 

all energies 𝜀 are measured in units of 𝑘𝐵𝑇, where 𝑇 is the absolute temperature.) 

Let us denote by 𝑉⃗ ′ − 𝑉⃗ 1
′  the relative velocity of the molecules M and M1 after the 

collision, and by Γi the phase volume of the vibrational–rotational motion or its part associated 

with active or passive degrees of freedom, or the phase volume of the relative motion of 

molecules. The effective cross section of molecular collisions 𝑑𝜎 is defined as follows [22] 

( ) 
=  VVdwd

i

iii


 - / , , 

where 𝑤(Γi
′ , Γi)  is some distribution function for collisions. It obeys the following two 

fundamental equalities [22]: 

( ) ( )TT  ,   , iiii ww =                                                   (1) 

and 
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( ) ( ) 1   ,   , ==   
i

iii

i

iii dwdw .                                   (2) 

Equation (1) is a consequence of the symmetry of the laws of mechanics with respect to the 

operation T to change the sign of time. Equation (2) is related to the possibility of writing the 

probability normalization condition in two equivalent ways.  

Let us assume that the system M + M1 has a sufficiently large number of degrees of 

freedom and is quasi-closed at the moment of collision. Then the function 

( ) 
=  VVwdd ii

i

i


 - / ,/  

can be written as a microcanonical distribution for collisions: 

( ) ( ) ( ) ( ) ( ) ; , , , , ttppaappaa vvvxx    

( ) ( ) ( ) ( ) ( ) ; , , , , ttppaappaa vvvxx    

( )tpapatpapa vvvxxvvvxxC                     −−−−−++++=   

( ) ( )pppp vvxx  −−        ,                                                   (3) 

where 𝑥  and 𝑣  are the energies of the corresponding degrees of freedom, and 𝐶  is some 

constant. The indices 𝑎 and 𝑝 refer to the active and passive degrees of freedom, respectively 

(see Section 1). The index t  refers to the relative motion of M and M1. 

It is easy to show that the distribution (3) satisfies the fundamental conditions (1) and (2). 

Using the normalization condition (2), for the constant 𝐶 in Equation (3) we obtain: 

( ) ( ) ( ) ( )

−
+

−
















−++−= 

a

a

vx

xx

aaa

a

p

p

p

p xdxvxxxxvxC                      (4) 

where 

pa xxx += , 

taa vvv +=  , 

and 

( ) ( ) ( )


−=

y

a

a dzzzyy , xvxy a
−+= , avy =  (see below, Equations (5) and (8)). 

Here Ω(𝜀) ≡ 𝑑Γ 𝑑𝜀⁄  is the density of states. 

In the next section, the definition of the canonical distribution for collisions of polyatomic 

molecules is given, which is derived from the microcanonical distribution (3), (4). 

2.1. Activation in equilibrium media 

Let us assume that in an equilibrium medium of molecules M1 there is a small admixture of 

molecules M. Then the molecules M collide mainly not with each other, but with the 

molecules M1. The canonical distribution for collisions of polyatomic molecules 𝑃(𝑥 ′, 𝑥) is 

the probability of the transition of the molecule M from one state with energy 𝑥 to a unit 
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energy interval at the point 𝑥 ′ . Integrating in Equations (3), (4) over all variables 

corresponding to the final states M and M1, except for the variable 𝑥 ′, and averaging over 

their initial states and relative motion, and also bearing in mind that in polyatomic molecules 

of the medium the amount of vibrational energy is much greater than the amount of 

rotational energy, and therefore neglecting for simplicity the rotational motion of molecules 

M1, we obtain 

( ) ( ) ( ) ( ) ( ) ( ) 


 



−− −−=
v

aa

p

aaa dvvvvxxDvvdvxxxP ;,exp, ,                  (5) 

( ) ( ) ( ) ( )


−=
x

aa

p

aaa

a

a dxxxvxxxDxvxxD ,;,;, ,                             (6) 

( ) ( ) ( ) ( ) ( )xvxxxxxvxxxxvxxxD aaaaa

a

aa
−++−−++−= ,;,  

( ) ( )

−
+

− 












−++− 

a

a

vx

xx

aaa

a xdxvxxxx ,                                     (7) 

( ) ( ) ( ) 


 

 −−=

v

aa

p

aa dvvvvvdvexp .                                       (8) 

In Equation (7), 𝜃(𝜀) is 𝜃-function. 

It is easy to show that the canonical distribution 𝑃(𝑥 ′, 𝑥)  satisfies the 

normalization condition 

( ) =




xdxxP , .                                                         (9) 

The canonical distribution 𝑃(𝑥 ′, 𝑥) also satisfies the detailed equilibrium principle 

( ) ( ) ( ) ( ) ( ) ( )xxxxPxxxxP −=− exp,exp, .                               (10) 

To prove Equation (10), Equations (5)–(8) must be represented in a form that contains the 

function 𝑆(𝑥 ′, 𝑥), which is symmetric with respect to the permutation of the variables 𝑥 ′ and 𝑥: 

( ) ( ) ( ) ( )xxSxxxxP ,exp, = −− ,                                     (11) 

( ) ( ) ( ) ( ) ( )
( )

( )
 








−−−=
xx

xx

p

a

p

p

p

a

p xxxxxdxdxxS
,max

,min

exp,   

( ) ( ) ( )
( )
 
−

−−

−+



 −−+−−

p

pp

pax

xxxx

xx

aa

a

apapa

p

a dvvvxxxd

 


,max

 

( ) ( ) ( ) ( ) ( )

−



−





−+
















−−−−+  

a aapa x

aa

a

aaaa

a

a

xx

aa

a

apa vdvvxxxdvdvvxx

 

 . (12) 

Let’s calculate the moments of the energy transferred during collisions  
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( ) ( ) ( )




−= xdxxPxxx
nn

, ; ... 3, , ,=n                              (13) 

in the classical approximation for the density of states 

( ) ( )sZs = −                                                     (14) 

[16,23,24], where 𝑠 = 𝑁 ′ for vibrational and 𝑠 = 𝑁 ′ 2⁄  for rotational degrees of freedom, 𝑁 ′ 

is the number of corresponding groups of degrees of freedom; Γ(𝑠) is the gamma function; 

( ) ( )




−=  dZ exp  

is the classical partition function of the corresponding groups of degrees of freedom. (The 

density of states Ω(𝜀) does not, of course, depend on the temperature 𝑇. Equation (14), which 

contains a partition function depending on temperature, is only a convenient form of writing 

Ω(𝜀). Recall that all energies 𝜀 are measured in units of 𝑘𝐵𝑇, see Section 2.) 

The procedure for calculating the moments ⟨(Δ𝑥)𝑛⟩  according to Equation (13) is 

reduced to integrating (𝑥 ′ − 𝑥)𝑛  with the weight 𝐷(𝑥 ′, 𝑥; 𝑥𝑎, 𝑣𝑎)  (Equation (7)) over 𝑑𝑥 ′ 

using the binomial expansion and then integrating the resulting expression over 𝑑𝑣𝑎 (also 

using the binomial expansion ) and over 𝑑𝑣  according to Equation (5) and over 𝑑𝑥𝑎 

according to Equation (6). Let us first calculate the moments 

( ) ( ) ( )




− xdvxxxDxxx aa

n

D

n
,;,  

( ) ( ) ( )

( )( ) ++



+

−

+−





++

+−+−−

=


aa

a

a

aa

NN

aa

aa

vx

xx

N

a

N

a

n

xvNN

xdvxxxxxxx

,
 

( ) ( )
( )
( )

= 

−

+

++
−+=

n

k
aa

aa
kn

a

k

aa

k

n
NN

NkN
xxvC

,

,
.                              (15) 

Let’s substitute this result for ⟨(Δ𝑥)𝑛⟩𝐷 into Equation (5). The calculation of the integrals 

over 𝑑𝑣𝑎 and over 𝑑𝑣, included in it, is carried out as follows: 

( ) ( ) ( ) ( ) 


 

 −−

v

aaa
D

n

a

p dvvxvvvdvexp  

( )
( )
( )

( ) ( ) 
=









−
−

+

++
−=

n

k

a

aa

aa
kn

a

k

n vdvN
NN

NkN
xC exp,

,

,

`

 

( ) ( ) ( )=+− 



+−

  ,a

v

a

k

aa

N

a

N

a Ndvxvvvv
ap

 

( )
( )
( )

= = 

−−

+

++
−

n

k

k

l
aa

aa
ln

a

l

k

k

n

kn

NN

NkN
xCC

,

,
 

( ) ( )++++  lNNlN pa , .                                           (16) 
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Finally, averaging the result (16) according to Equation (6), taking into account Equation (8), 

we have 

( ) ( )
= =

−−
−=

n

k

k

l

ln

a

l

k

k

n

knn
xCCx  

( ) ( ) ( )
( ) ( ) ( )+++

++++++






NNNNN

lNNlNNkN
paaa

paaa

,,

,,
 

( )
( )pa

pa

NN

NlnN

,

,



−+
 .                                                    (17) 

As a result of using the known relations for the beta and gamma functions 

( ) ( ) ( ) ( )yxyxyx += ,  

and 

( ) ( )zzz =+  

in Equation (17), after summing over 𝑘 and renaming the indices, we obtain 

( ) ( )
=

−=
n

m

mm

n

mn
xCx  

 
( )( )( )( )

( )( )
( )x

NNN

NNNN
n

mmnn

aa

aaaa

 CMP
,,

,,


−++++

++−+++−+
 

−

= 



 


,        (18) 

where 𝑁 is the sum of the number of vibrational and half the number of rotational degrees of 

freedom, and 𝐶𝑛
𝑚 is the number of combinations of n by m. In Equation (18), the products 

with respect to the indices 𝛼, 𝛽, etc. refer to the case when the upper limits of the symbol Π 

are not less than one. If any of the indicated limits vanishes, then the entire product over the 

corresponding index should be set equal to one. This follows directly from the procedure for 

passing from Equation (17) to the considered Equation (18). 

It is natural to call the moments (polynomials) ⟨(Δ𝑥)𝑛⟩ from Equation (18) the canonical 

moments (polynomials) CMP𝑛 (𝑥)  for collisions of polyatomic molecules. For example, 

according to Equation (18) CMP𝑛=1 (𝑥) and CMP𝑛=2 (𝑥) have the following expressions: 

( )
( )









−

++

+
=




=

N

x

NN

NN
xx

aa

aa

n  CMP ,                                   (19) 

( ) ( )
( )( )( )

( )( )++++

+++
=




=



aaaa

aaaa

n
NNNN

NNNN
xx  CMP  

( )
( )

( )( ) 







+

++

+
−

+








aa

aa

NNN

xNN

NN

x
.                                (20) 

The width of the canonical distribution 𝑃(𝑥 ′, 𝑥) (see Equations (5) and (11)) can be 

defined as the variance of the “random” variable 𝑥 ′: 

( ) ( ) ( )  



−= xxx .                                                (21) 



Asymmetry  Letter 

 7 

Substituting Equations (19) and (20) into Equation (21) gives 

( ) ( )( ) ( )  






 +++++= aaaa NNxxNNx  ,                           (22) 

where 

( ) ( ) ( )
( )( )+++

+++++






aa

apaaaa

NNNN

NNNNNNN
 ,                              (23) 

( ) ( )( )+++++ 

aaaaaa NNNNNNN                                (24) 

and 

( )
( )( )++++

+
++

+










aaaa

a

aa

a

NNNN

N

NN

N
 .                               (25) 

2.2. Activation in non-equilibrium media 

In Section 2.1, we have obtained expressions for the canonical distribution for collisions of 

molecules 𝑃(𝑥 ′, 𝑥) and its moments ⟨(Δ𝑥)𝑛⟩ in the case of an equilibrium medium, when for 

molecules M1 the temperature of their relative translational motion 𝑇𝑡  is equal to the 

temperature of their rotational motion 𝑇𝑟 and is equal to the temperature of their vibrational 

motion 𝑇𝑣. In a real experiment, these temperatures may differ from each other. Due to the 

small difference between the rates of translational and rotational relaxation and the large 

difference between these rates and the rate of vibrational relaxation, we can approximately 

assume that 𝑇𝑡 = 𝑇𝑟 ≡ 𝑇 ≠ 𝑇𝑣. As in Section 2.1, we neglect for simplicity the rotational 

motion of the molecules of the medium M1. For the canonical distribution under conditions 

of a non-equilibrium medium, similarly to Equations (5)–(8), we obtain 

( ) ( ) ( )




−− −= vdvxxxP exp, eq-noneq-non  

( ) ( ) ( ) ( )


 −

v

aaa

a

aa

p dvvvvxxDvv  exp,;, ,                           (26) 

( ) ( ) ( ) ( ) 


 

 −−=

v

aaa

a

a

p dvvvvvvdv  exp,expeq-non ,               (27) 

( ) ( ) ( ) ( )


 −−=
av

aaa

a

aa

a dvvvvvv  exp, ,                          (28) 

where function 𝐷(𝑥 ′, 𝑥; 𝑣𝑎) is given by Equations (6) and (7), 𝜅 ≡ 𝜆 (1 − 𝜆)⁄  and 𝜆 ≡ 𝑇𝑣/𝑇. 

The canonical distribution 𝑃non-eq(𝑥
′, 𝑥)  (Equations (26)–(28)) satisfies the 

normalization condition (9). The canonical distribution 𝑃non-eq(𝑥
′, 𝑥)  also satisfies the 

principle of detailed equilibrium (10). 

Substitution 𝜆 = 1  (and respectively 𝜅 = ∞ ) into Equations (26)–(28) leads to the 

canonical distribution 𝑃(𝑥 ′, 𝑥)  given by Equations (5)–(8) for the case of an 

equilibrium medium. 
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In the case of a non-equilibrium environment, the calculation of the moments of the 

energy transferred during collisions  

( ) ( ) ( )




−= xdxxPxxx
nn

,eq-non
eq-non

; ... 3, , ,=n                        (29) 

in the classical approximation for the density of states Ω(𝜀) (see Equation (14)) gives the 

following result: 

( ) ( ) ( )
−

=

−−

− +−=
mnn

lm

lmnml

mn

m

n

mn
xlCCx

,

,
eq-non

!   

( )( )( )( )
( )( )

( )






, CMP eq-non
,,,

,,,

x
NNN

NNNN
n

lmnmmnn

aa

aaaa


−++++

−+++−+−+
 

−−−

= 

 .   (30) 

(See note to Equation (18) for ⟨(Δ𝑥)𝑛⟩ regarding the upper limits of the symbol Π.) The 

expression for the moments ⟨(Δ𝑥)𝑛⟩non-eq is a polynomial of the n-th degree with respect to 

𝑥 and 𝜆. This polynomial is denoted in Equation (30) by CMP𝑛
non-eq

 (𝑥, 𝜆). 

When 𝜆 = 1, the polynomials CMP𝑛
non-eq

 (𝑥, 𝜆) go into to the polynomials CMP𝑛 (𝑥) for 

the case of activation in an equilibrium medium, which are given by Equation (18). 

For example, according to Equation (30) the canonical moments (polynomials) for 

collisions of polyatomic molecules in the case of activation in non-equilibrium media 

CMP𝑛=1
non-eq

 (𝑥, 𝜆) and CMP𝑛=2
non-eq

 (𝑥, 𝜆) have the following expressions: 
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+++
+
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−
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




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xNN
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As is easy to see, the substitution 𝜆 = 1 in Equations (31) and (32) gives the corresponding 

canonical moments (polynomials) ⟨Δ𝑥⟩ and ⟨(Δ𝑥)2⟩ for the case of activation of molecules 

M in equilibrium environments of molecules M1 (Equations (19) and (20)). 

3. Estimation of the numbers of active degrees of freedom from a comparison of theory 

with experiment 

The results obtained for the canonical distribution and its moments can be applied to gas-

phase chemical reactions under various conditions of collisional, laser, chemical, etc. 

activation. Below we consider the simplest case of such an application. Specifically, we will 

give a theoretical interpretation of the experimental data on the average energy ⟨Δ𝑥⟩ 

transferred during collisional activation of polyatomic molecules in media of inert 

monatomic gases and molecular media in monomolecular reactions at low pressures. For 

simplicity, molecular media will be considered as equilibrium. According to Equation (19), 

⟨Δ𝑥⟩ depends much weaker on the number of active degrees of freedom 𝑁1
𝑎 of the molecules 
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of the medium M1 compared to the dependence on the number of active degrees of freedom 

𝑁𝑎  of the molecules M, whose collisional activation we are considering. Therefore, in 

Equation (19), for simplicity, we set 𝑁1
𝑎 = 𝑁1 . The numbers 𝑁𝑎  obtained under these 

conditions from comparison with experiment are given in Table 1. 

Table 1. Number of active degrees of freedom. 

Molecule M Molecule M1 −⟨𝚫𝒙⟩ 𝑵𝒂 

NO2Cl (T = 476.5 K; x = 32; see [17]) 

Ar 0.6 0.2 

Xe 1.2 0.4 

N2 1.1 0.4 

NO2Cl (T = 476.5 K; x = 32; see [17]) 

CO2 1.6 0.5 

SiF4 2.5 0.9 

CCl2F2 5.5 2.0 

C2H5NC (T = 504 K; x = 39; see [17]) 
He 0.6 1.4 

Ne 0.7 1.8 

C2H5NC (T = 504 K; x = 39; see [17]) Ar 1.2 9.0 

C5H10 (T = 298 K; x = 192.5; see [18,19]) 
CO 6.8 3.3 

C4H8 19.3 6.1 

Since the variation of the numbers 𝑁1
𝑎 ≤ 𝑁1 is admissible, the numbers 𝑁𝑎 given in the 

table correspond to the lower bound of the possible numbers 𝑁𝑎. It is easy to see that the 

number of active degrees of freedom 𝑁𝑎 obtained from comparison with experiment is much 

less than the total number of degrees of freedom 𝑁 (the sum of the number of vibrational and 

half the number of rotational degrees of freedom, see Section 2.1). This fact points to the 

important role of the small number of rotational (taking into account internal rotations) and 

low-frequency vibrational degrees of freedom, as well as those degrees of freedom of the 

system M + M1, for which there are low-order resonances for transferring the vibrational-

rotational energy, and which all of them play in molecular collision dynamics. For the 

collisional activation of the molecule NO2Cl in the Ar, Xe, N2 and CO2 media, we obtain the 

inequality 𝑁𝑎 < 1. This result indicates a low degree of statistical character or its absence in 

the dynamics of these molecular–atom and molecular–molecular collisions. Non-integer 

values of the numbers 𝑁𝑎 indicate the presence of non-adiabatic effects. 

4. Discussion and conclusions 

In the same way as in statistical physics the canonical Gibbs distribution is derived from the 

microcanonical distribution [24], in this paper the canonical distribution for collisions of 

polyatomic molecules M and M1 is derived from the microcanonical distribution for molecular 

collisions. It is assumed that the molecules M constitute a small impurity in the medium of 

molecules M1. The canonical distribution represents the probabilities of changes in the 

vibrational-rotational energy of molecules M during their collisions with molecules M1. 
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The theory assumes that the vibrational-rotational degrees of freedom of the molecules 

M and M1 are divided into active and passive degrees of freedom. At the moment of collision, 

statistical redistribution of energy occurs only between the active degrees of freedom, further 

statistical redistribution of energy within each of the molecules M and M1 occurs outside the 

region of their effective interaction. With the specified division of all degrees of freedom into 

active and passive, this theory quite successfully approximates the real dynamics of 

molecular collisions (see Table 1). 

It is assumed that possible incomplete relaxation of vibrational and rotational degrees of 

freedom is effectively taken into account in the numbers 𝑁𝑎 and 𝑁1
𝑎. 

The canonical distribution has been obtained in quadratures for the collisional activation 

of polyatomic molecules in equilibrium and non-equilibrium molecular media. In the 

classical approximation for the density of vibrational-rotational states, analytical expressions 

are obtained for all moments n of the canonical distribution in the form of some polynomials 

of the n-th order. A theoretical interpretation is given of the experimental data on the average 

energy transferred upon collisional activation of polyatomic molecules in molecular media 

and media of inert monatomic gases in monomolecular reactions at low pressures. 

In conclusion, I note that the statistical solution to the problem of collisions of 

polyatomic molecules fits into the paradigm of quantum-classical mechanics about the 

chaotic nature of the dynamics of a transient molecular state [25‒27]. This issue will be 

discussed elsewhere. 
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