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Highlights:

e A 1D framework maps arbitrary non-reciprocity distributions to mode reshaping.
e NHRE decouples global mode reshaping from spectral changes.

e Electrical circuits realize programmable asymmetric hopping profiles.

e  Optical CROW simulations verify NHRE at optical frequencies.

Abstract: Periodic non-reciprocal systems have attracted significant attention for their striking
non-Hermitian skin effect (NHSE) and the development of a comprehensive non-Bloch theory. In
contrast, aperiodic non-reciprocal systems have been rarely explored, owing to the intrinsic complexity
induced by spatial non-uniformity and absence of predictable physical behavior. Here, we establish a
theoretical framework for one-dimensional nearest-neighbor lattices under open boundary conditions, and
reveal that the spatially varying non-reciprocal coupling can be interpreted geometrically as a designable
imaginary gauge field, providing a tunable metric on the Hilbert space that serves as a powerful and
deterministic knob to control the wave-functions of eigenmodes. By tailoring the non-reciprocity
distribution in this specific system, we combine theory, proof-of-concept electric-circuit experiments,
and high-frequency optical-lattice simulations with micro-ring resonators to demonstrate that the
eigenmodes of a non-Hermitian system can be reshaped into arbitrary spatial profiles without
altering their spectral distribution, a mode-field engineering strategy termed non-Hermitian
reshaping engineering (NHRE). In the special case of a uniform non-reciprocity distribution, NHRE
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recovers the characteristic exponential mode localization in the conventional NHSE. While the full
diagonalization framework underlying the inverse mapping is limited to one dimension, some of its
design principles can be partially extended to arbitrary higher-dimensional systems, offering an efficient
route to mode modulation and deepening our understanding of non-Hermitian physics.

Keywords: non-Hermitian reshaping engineering; distributed non-reciprocity; spectrum-preserving
mode engineering; topological electrical circuits; coupled resonant optical waveguides

1. Introduction

Non-Hermitian theory establishes a powerful theoretical framework to model open systems, which
can exchange energy with their surroundings [1-5]. This interaction allows for effects like gain,
loss, and non-reciprocity, leading to a wide range of fascinating phenomena [6—9]. Among them, the
non-Hermitian skin effect (NHSE) is one of the most representative consequences of non-reciprocal
coupling [10-14]. In periodic lattices with intrinsic or effectively induced non-reciprocity, eigenstates
that are extended under periodic boundary conditions become localized at open boundaries, forming skin
modes [15-18]. This anomalous boundary sensitivity is understood through the topological origin of
NHSE and non-Bloch bulk—boundary correspondence [19,20]. Related open-system dynamics of NHSE
have also been theoretically analyzed [21]. NHSE has been experimentally validated across quantum,
acoustic/phononic, electrical-circuit, and photonic platforms [22—26]. Building on this picture, non-Bloch
band theory incorporating the generalized Brillouin zone (GBZ) is widely used to describe eigenstates
under open boundary conditions (OBCs) in one-dimensional (1D) non-Hermitian systems with periodic
non-reciprocal couplings [27-31]. In two and higher dimensions, NHSE behaviors vary significantly in
different directions, leading to phenomena such as geometry-dependent skin effect [15,24,32]. In these
cases, defining a GBZ becomes considerably more challenging, necessitating a more sophisticated
amoeba formulation to study the non-Hermitian bands [33-35].

We note that the spatial distribution of non-reciprocity (i.e., the site-dependent variation of the
asymmetric hopping amplitudes), which is often overlooked in theories constrained by spatial periodicity,
might constitute an important degree of freedom in non-Hermitian system. Even a simple step-like
non-reciprocity distribution can reshape the eigenmode profiles, transforming non-Hermitian skin
modes into spatially extended ones [36]. In some platforms, the non-reciprocity can even be externally
controlled [37—41]. Such flexibility in non-reciprocity can lead to localization or delocalization of
eigenstates. However, no theoretical framework is currently available to study such aperiodic systems
and predict related fascinating phenomena. Current eigenmode analyses rely primarily on brute-force
tight-binding model (TBM) calculations, which can face significant numerical issues when dealing with
large non-Hermitian matrices.

Here, we rigorously demonstrate that, in a 1D nearest-neighbor non-reciprocal TBM model under
OBCs, we can reshape the wavefunctions of all eigenmodes deterministically into arbitrary spatial
profiles without altering their dispersion behavior by tailoring the non-reciprocity distribution. The
algebraic foundation of this effect is the spectral invariance of finite tridiagonal matrices. Specifically,
the eigenvalue spectrum of a 1D nearest-neighbor TBM Hamiltonian is uniquely determined by the
product of its mutually reciprocal off-diagonal elements, i.e., the geometric mean of the forward and
backward hopping amplitudes, and is strictly invariant under any non-reciprocal redistribution that
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preserves this product. The spectrum-preserving reshaping of all eigenmodes directly follows from this
invariance, with the diagonal similarity transformation serving as its explicit realization rather than
its premise. Geometrically, this engineering framework arises from interpreting the spatially varying
non-reciprocity as an imaginary vector potential, which corresponds to a tunable metric on the Hilbert
space. This mechanism constitutes non-Hermitian reshaping engineering (NHRE). Rather than introducing
an additional spectral effect, NHRE offers a distinct route for mode-field engineering: the target envelope
is designed from the eigenvalue-invariance proof and then applied independently of the detailed profile of
each mode. Furthermore, leveraging this geometric interpretation, NHRE provides a generalized
framework to control mode distributions in arbitrary non-Hermitian systems, extending to two or three
dimensions, beyond nearest neighbor coupling, and even in systems incorporating gain and loss. We
experimentally demonstrate NHRE in 1D electric-circuit chains with engineered non-reciprocity
distributions. By designing the coupling-capacitance matrix to implement site-dependent asymmetric
hopping amplitudes, we show that different non-reciprocity distributions yield clear experimental
signatures: the resonant frequencies remain nearly unchanged, whereas the measured impedance profiles
are reshaped according to the designed envelope. The generality of the theory is further supported by
simulations of optical lattices based on micro-ring resonators, confirming the universality of mode
shaping through engineered non-reciprocal coupling.

2. Results
2.1. NHRE in a non-Hermitian SSH chain

We start with a concrete example: the reshaping engineering in a non-Hermitian Su-Schrieffer-Heeger (SSH)
chain under open boundary conditions, which corresponds to the minimal setting implemented in our
circuit experiment. This SSH chain is a specific realization of the general 1D nearest-neighbor non-reciprocal
lattice sketched in Figure la, in which the hopping amplitudes, on-site potential, and complex gauge
potential can be assigned site by site; here it is specialized to the SSH unit cell. The reciprocal SSH chain
has alternating intracell and intercell hopping amplitudes v and w. Labeling the two sublattices in the
nth unit cell as |A4,,) and |B,,), the corresponding non-Hermitian Hamiltonian can be written as:

H= (e [4,)(B,| +e™|B.) (4]
M

Here, the factors e *»n and e’»n (and likewise e**w.n for the intercell bonds) encode the directional
imbalance on each intracell bond: k,, = 0 recovers reciprocal hopping, whereas k, # 0 produces
unequal forward and backward hopping amplitudes. For simplicity, we employ a single ordered bond
index k, to denote the non-reciprocity sequence across all SSH bonds, regardless of whether they are
intracell or intercell. The spatial distribution of non-reciprocity is taken as k,, = —a(n — r), where a
controls the non-reciprocity gradient and r sets the spatial reference point.

This simple model already captures the central observation. As shown in Figure 1b,c, when « is
varied at fixed SSH couplings, the entire energy spectrum remains completely unchanged, including the
in-gap topological zero mode. Meanwhile, the gap closing and the associated topological transition at
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v = w persists, just as in the reciprocal SSH chain. The eigenmodes, however, undergo continuous
reshaping. For the linear profile introduced above, all modes acquire a common Gaussian envelope of

the form:

tn:C-expf%a-(nfnc)Q, with n,=r —3/2 (2)

Here, C is an overall normalization constant, and n. is the envelope center determined by r. This
expression directly governs the SSH response: a controls the localization strength, while r shifts the
center position via n.. As illustrated in Figure 1d,e, increasing a from 0 to 0.04 progressively concentrates
both bulk and edge modes to the center. We note that although the same envelope acts on every
eigenmode, bulk and edge states can display different apparent responses due to their distinct profiles in
the parent SSH lattice.
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Figure 1. Schematic diagram of NHRE: (a) Lattice diagram of a general 1D non-Hermitian TBM
model; (b) Energy spectrum of a finite SSH model with ¢ = 0.02 and w = 1, as a function of
the intercell hopping amplitude v; (c¢) Energy spectrum of the same system for a fixed v = 0.7
and a varying a. Notably, arbitrary changes in x(n) do not affect the energy spectrum in this
model, resulting in pure real energy spectrum despite the introduction of non-reciprocal hopping terms;
(d, e) For k,, = —a - (n — 1), the field distribution of (d) a typical bulk state and (e) degenerate
edge states under varying a conditions, demonstrating that wavefunction [i,| gradually
becomes more localized as « increases; (f) The incoherent mode distribution function |, |2,
corresponding to the field distribution behavior in (d, e), becomes increasingly localized as «
increases; (g) Comparison of the envelope function and the incoherent mode distribution function
for a = 0.04 shows that the latter is significantly modulated by the former, resulting in a
Gaussian mode centered in the middle of the system; (h) Representative field distribution for
varying position parameter n.. The center position of the wave function directly correlates with
n.; (i) Field distribution for negative a. Depending on n., the wave function localizes to the left,

right, or both sides.
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The corresponding incoherent mode distribution, shown in Figure 1f, is centered around n, and
becomes increasingly localized as a increases. The comparison in Figure 1g further shows that the
analytically predicted envelope reproduces the numerical eigenstates with essentially no deviation. In
fact, analysis reveals that this reshaping is programmable. Figure 1h shows that tuning r moves the
intensity maximum to a target site; by tuning the sign and magnitude of a, one can steer the chain
between extended, center-localized, and boundary-localized mode profiles. For negative a, all modes
are instead pushed toward the two boundaries, as shown in Figure 1i. This concrete non-Hermitian SSH
example motivates the more general, but constrained, one-dimensional formulation below.

2.2. Non-Hermitian reshaping engineering
2.2.1. Theoretical formulation in one dimension

Motivated by the non-Hermitian SSH chain, we next formulate a constrained 1D model, in which this
reshaping mechanism is exact. We consider a generic 1D nearest-neighbor non-reciprocal TBM lattice
under OBCs, wherein the hopping coefficient w,,, the on-site scalar potential [,, and the complex gauge
potential ¢,, + ik, can be varied freely, as shown in Figure 1a. The real part ¢,, acts as a conventional
vector potential introducing phase factors via Peierls substitution, while the imaginary part k,, serves as
a designable imaginary gauge potential that directly sets the non-reciprocal hopping amplitudes, taking
the form wper and w,e™™n, respectively. k, is allowed to vary spatially with an arbitrary
distribution, and we demonstrate that such a 1D nearest-neighbor non-reciprocal Hamiltonian under
OBCs can always be mapped to a Hermitian counterpart.
The real space single-particle non-reciprocal Hamiltonian can be written as:

H= Hygm - |m)(n|

3)
= w, (e n)(n+1] + e % n + 1) (n]) + L|n) (n]

Here, |n) denotes the orthonormal basis with a particle localized on site n. Under OBCs, the
tridiagonal structure of Hyp guarantees that its eigenvalues are independent of the complex gauge
potential ¢, + ik, (see Supplementary Materials for a mathematical proof). Since the spectrum is
fixed, this invariance can be made explicit through a similarity transformation T applied to the basis
of the system: |n’) = T|n). With this transformation, the Hamiltonian operator can be transformed
to H=YmnHrmn - Im'Xn'|, while Hy = T"*HygT and Hgpun = tm “taHyrmn - For the 1D
nearest-neighbor non-reciprocal Hamiltonian Hygr in Equation (3) under OBCs, the required
transformation matrix T is intrinsically diagonal, with its elements t, satisfying the recurrence
relationship t,,; = e"n - t,,. Thus, Hyr and its reciprocal counterpart Hy share identical eigenvalue
spectrum and Jordan normal structure, and their eigenstates are directly related through the similarity
transformation. This mapping imparts a uniform, additional envelope function to all wavefunctions,
comprehensively reshaping the spatial profiles of all eigenstates simultaneously, thereby establishing
NHRE as a mode-decoupled engineering procedure.

For such a non-reciprocal model Hypy, the spectral features that diagnose topology, such as the
presence, robustness, and energy of in-gap boundary/edge states, are preserved and can be fully
determined by the corresponding reciprocal model Hy, even though eigenstate-based topological
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invariants for the original non-Hermitian system may change. Notably, while the spatial profile of the
non-reciprocity breaks translational symmetry, rendering conventional bulk—boundary correspondence
inapplicable to Hyy directly, the similarity transformation effectively gauges out this non-periodic
modulation. This maps the open chain onto a virtual, translationally invariant Hermitian system. The
energy spectrum and the protection of in-gap boundary states are thus rigorously guaranteed by the
bulk—boundary correspondence of this underlying periodic Hermitian counterpart. Thus, NHRE
operates as a spectrum-preserving mode engineering route rather than a tool for altering non-Hermitian
topological classification.

Physically, this NHRE framework admits a natural geometric interpretation when viewed through
the lens of gauge field theory. The asymmetric hopping magnitude k, acts as an imaginary vector
potential, controlling the exponential envelope of wavefunctions through the similarity transformation
matrix T. From this perspective, a spatially distributed complex gauge field ¢, + ik, emerges
naturally, with ¢, governing the phase accumulation and k, dynamically sculpting the mode
amplitudes. This geometric language offers a unified baseline for NHRE, connecting the spatially
distributed non-reciprocity to the imaginary gauge field description of non-reciprocal lattices and to the
biorthogonal formulation of non-Hermitian systems, and making explicit that the eigenmode envelopes
are reshaped while the spectrum is preserved.

Crucially, NHRE shifts the paradigm from the rigid boundary accumulation characteristic of the
standard NHSE, to a highly reconfigurable engineering degree of freedom enabled by spatially non-uniform
non-reciprocity. This framework successfully unifies several known non-Hermitian phenomena as
operating regimes. When k,, = Kk, is a constant, the envelope function of NHRE simplifies to a pure
exponential, naturally recovering the characteristic boundary localization that hallmarks conventional
NHSE under OBCs [20]. Alternatively, when k, = —k, - @(n, — n) is configured as a step function,
NHRE reproduces non-Hermitian morphing [36], where the tailored envelope exactly counteracts the
intrinsic decay of topological edge states, delocalizing them into extended modes that occupy the entire
bulk lattice. Going beyond these piecewise configurations, the true versatility of this geometric perspective
becomes apparent when allowing k, to vary continuously, yielding arbitrary mode reshaping as

exemplified by the linear case above.
2.2.2. Generalization to higher dimensions

We note that the localization induced by a linear k, modulation is merely a special case of NHRE.
In general, the mode-field envelope function can take arbitrary forms, even complex ones with
additional phase. Geometrically, this flexibility reflects the role of ¢, + ik, as a complex gauge potential
that shapes the Hilbert-space metric independently. For systems with other forms of non-Hermiticity, such
as gain and loss, the similarity transformation preserves the full eigenvalue spectrum and Jordan
normal structure of the Hamiltonian, effectively reducing the system to an equivalent model
containing only on-site gain and loss.

Moreover, in more general TBM settings, such as higher dimensions, long-range couplings, or
periodic systems, the tridiagonal matrix structure that guarantees the invertible mapping is broken
and a well-defined metric extracted from an arbitrary Hyp may not exist. However, we stress that
this restriction applies only to the inverse problem of extracting a Hermitian parent from an
arbitrarily prescribed non-reciprocal Hamiltonian, which indeed becomes over-constrained once

6
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next-nearest-neighbor or longer-range couplings are present. It does not limit the forward
construction that underlies all of our higher-dimensional and beyond-nearest-neighbor results. The
forward mode-field engineering approach, constructing Hyg from a known reference Hamiltonian
Hyp and a desired envelope T, remains fully operational. Starting from any reference Hamiltonian
Hyp with known spectral features, mode distribution, and topologically protected boundary states (if any),
one can implement a desired complex field envelope t,, € C to define the metric of the Hilbert space,
and thereby reshape the mode profiles by constructing a transformed Hamiltonian Hyp = THRT 1.
Compared with the original reference model Hp, the modified model Hyy includes additional
non-reciprocal and phase terms in the off-diagonal elements. Despite these modifications, owing to
the inherent invariance of the similarity transformations, the energy spectrum and the spectral
fingerprints of topology (e.g., the presence of in-gap boundary states) remain unchanged. This
indicates that, while the modified Hamiltonian model Hyg preserves topologically protected zero
modes within a band gap, the spatial profiles of the edge/boundary modes can be flexibly reshaped
through the engineered non-reciprocity distributions without re-solving the individual eigenmodes.
Such tunability is highly promising, particularly for applications in topological lasers, sensors, and
wave manipulation devices [38,42,43].

As an example, we illustrate the modulation of eigenfunctions in a two-dimensional BBH model [44,45],
which behaves as a higher-order topological insulator (HOTI), as shown in Figure 2a. A slight onsite
modulation is introduced at the four corners, lifting the corner-mode degeneracy while preserving their
topological nature within the bandgap. For an initial corner state y,(m,n) shown in Figure 2c, the
envelope function can be tailored to be tn,, = Yyyre(M,n) Yo " (m,n) for any desired mode
distribution Y yure (M, n). These t,,, values induce a series of distinct non-Hermitian configurations,
each retaining nearest-neighbor coupling yet exhibiting a unique eigenfunction. For the special field
distribution shown in Figure 2d—g, the energy spectra of the corresponding non-reciprocal Hamiltonians
Hyr remain unchanged, as depicted in Figure 2b. Notably, the phase distribution of the eigenmodes can
also be independently modulated in the same process. The phase pattern illustrated in Figure 2h
corresponds to the eigenfunction reshaped into the form of the three letters “FDU” in Figure 2g, varying
continuously from —m to m around the center.
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Figure 2. Modulation of HOTI states via non-reciprocal control: (a) The BBH model with

non-reciprocal couplings introduced, where each hopping coefficient appears in pairs of the form
exp (& K,.m); (b) Energy band diagram of five modified BBH models with different x distributions.
The diamond markers indicate the modulated corner states. The abscissa represents five different
k distributions, corresponding to panels (c—h). The eigen-energies remain unchanged across
different k distributions; (¢) Field distribution of a corner state in the original BBH model
configuration; (d—h) Reshaping of the corner state towards: (d) another corner, (e) two corners,
(f) the interior and (g—h) special patterns with modified amplitude and phase distribution; (h) Phase
diagram corresponding to (g), showing a continuous variation from —m to m of the phase
distribution of the “FDU”-shaped eigenfunction.

2.3. Experimental demonstration in topological circuits

Electrical circuits offering high design flexibility provide a powerful and versatile platform for exploring
non-Hermitian physics [46-50]. Recent circuit studies have further revealed rich topological and
nonlinear dynamics [51]. Figure 3a,b illustrates a topological circuit architecture that realizes non-Hermitian
SSH models with programmable non-reciprocal couplings. Each node is grounded through a parallel
inductor-capacitor (LC) resonator, with adjacent nodes coupled via non-reciprocal capacitors
implemented using active voltage followers. By designing the feedback and coupling capacitor ratios,
the circuit can reliably realize non-reciprocity parameters in the range —4 < k(n) < 4, sufficient to
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implement all modulation profiles demonstrated in this work. By toggling the dual in-line package (DIP)
switches to select different capacitor configurations, the 20-unit-cell circuit can be reconfigured into
multiple states, each associated with a distinct non-Hermitian Hamiltonian Hyp.

The response of the electrical circuit is analyzed using nodal analysis, which relates the total input
current I, atnode a to the voltages V}, at all other nodes:

L= Ju(w)-V, (4)

The admittance matrix J, also denoted as circuit Laplacian in physics, encodes the entire configuration
of the circuit, including connectivity and component values:

J(w)=iwC-HNR+<ith+ﬁ)-[=iw0-[ﬂm—)\(w)-[] (5)

Here, C; and L, represent the Laplacians of the onsite LC-resonators at each node, while C denotes
the unit coupling capacitance. The quantity A(w) = —1/C - (C;, — 1/w?L,) defines the resonance
frequency scale, thereby linking the circuit frequency w to the Hamiltonian eigenfrequency E. The
effective matrix Hyg, engineered through the non-reciprocal capacitor distributions, is exactly the same
as the designed non-reciprocal SSH models.

The mutual impedance Z,;, between nodes a and b is expressed as:

Lo =1 W)= 5 g sy e (6)

Here, ¥, is the eigenstate of the corresponding Hermitian Hamiltonian Hp. Near resonance, when
E, = A(w), the summation is dominated by the n — th term, and Z,;, (w,,) captures the spatial profile
of n — th eigenmode of the non-reciprocal Hamiltonian Hyg, i.e., Zgp,(w,) « t,¥,,. Consequently,
the eigenfrequencies and eigenmodes appear as resonant peaks and spatial distributions in the mutual
impedance spectrum, which can be directly measured through standard transmission measurements
using a vector network analyzer. The choice of node b only modifies the mode-dependent normalization
factor, without affecting the resonance frequency or the relative amplitude distribution. To mitigate
intensity variations across modes, we redefine the summed mutual impedance Z, by summing Z,,
over allnodes b, i.e., Z, = Y| Zap|, thereby characterizing the circuit’s spatial and frequency response.

For a Hermitian SSH model (@ = 0), the simulated Z, distribution exhibits discrete resonant peaks,
with spatial profiles reproducing the characteristic mode localization of the Hermitian SSH model, as
shown in Figure 3c. However, in the raw experimental spectrum shown in Figure 3d, these peaks are
broadened and partially overlapping due to parasitic resistance. To account for this effect, we applied a
deterministic compensation scheme that, analogous to the complex-frequency approach [52—55], removes
the influence of parasitic resistance. The method calibrates the measured self-admittance against the
lossless reference condition (i.e., purely imaginary self-admittance). This procedure is uniquely determined
by the experimental data and requires no adjustable parameters, allowing clear identification of
individual modes, as shown in Figure 3e.f.
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Figure 3. Experimental implementation of NHRE in a non-Hermitian electrical circuit: (a) Schematic
of the non-Hermitian circuit with fixed inductance (47 uH) and position-dependent capacitance.
Non-reciprocal coupling is implemented via operational amplifiers (purple dashed box) configured
as voltage followers; (b) Photograph of the fabricated circuit board. Color-coded frames correspond
to components in (a): non-reciprocal capacitive hopping (pink), reciprocal capacitive coupling (blue),
and capacitor—inductor oscillator nodes (green/orange); (¢) Numerically simulated spectrum of the
summed mutual impedance Z,, with frequency on the vertical axis and the lattice position on the
horizontal axis; (d) Measured Z, spectrum, exhibiting loss-induced broadening and mode overlap,
primarily from inductor parasitic resistance; (e) Processed experimental data after de-embedding
parasitic effect, resolving individual eigenmodes with significantly reduced linewidths; (f) Incoherent
mode distribution function versus frequency, with peaks corresponding to resonant frequency
satisfying E,, = A(wy).

Figure 4a—d displays the Z, spectra for four representative circuits with @ = 0,0.02,0.04 and
—0.04, respectively. Theoretically, the resonance frequency is independent of a, whereas the mode
distribution, as reflected by the spatial profile of Z,, localizes progressively toward the center for
positive o and toward both edges for negative a. Clearly, as a increases from 0 to 0.04, the eigenstates
become increasingly concentrated at the center due to the localization of the non-Hermitian envelope
function. In contrast, for & = —0.04, the envelope diverges in a squared-exponential manner toward
both ends, pushing the eigenstates to the circuit edges. All modes, whether bulk or edge states, evolve
in the same manner, consistent with the theoretical results in Figure 1d,e. Figure 4e shows the
distribution of the corresponding incoherent mode function Y, |Z,|?. The peak positions, which
correspond to the resonant frequencies of the eigenmodes, remain unchanged for different values of «
within experimental error, indicating that the non-reciprocal modulation preserves the system's
eigenvalues regardless of the distribution profile. For a more detailed comparison, Figure 4f~h presents
the distributions of representative bulk and edge states, where the dotted curves denote theoretical
predictions, and the scattered solid lines represent experimental measurements. Although bulk states
exhibit slight deviations from simulations due to intrinsic loss-induced overlap and residual imperfections,
the reshaping behavior under non-reciprocal modulation remains faithfully captured. Edge states, being
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well isolated within the bandgap, show excellent agreement with theoretical predictions. The strong
consistency observed in both bulk and edge states, along with the invariance of eigenfrequencies,
provides solid verification of NHRE.
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Figure 4. Measured impedance spectra illustrating NHRE under varying non-reciprocity
distributions: (a—c) Measured summed mutual impedance Z, spectra for (a) @ = 0, (b) a = 0.02,
(¢) a = 0.04, showing progressively enhanced center-localized eigenstates with increasing «;
(d) Z, spectrum for @ = —0.04, revealing double edge-localized eigenstates and direction-reversed
NHRE; (e) Incoherent mode distribution function versus frequency, demonstrating invariant
resonant frequencies under varying non-reciprocal modulations; (f~h) Evolution of representative
bulk and edge states for different a, with simulations shown as dotted curves and experimental
data as scattered solid lines. The simulation setup is slightly adjusted to lift the edge-state
degeneracy and match experimental conditions.

2.4. Photonic implementation in optical waveguides

The NHRE concept can be further extended to optical frequencies using coupled resonant optical
waveguides (CROWs), as shown in Figure 5a [56,57]. CROWs are composed of site rings with radius
R; and link rings with radius R,, where the clockwise (CW) modes in adjacent site rings are coupled
via counterclockwise (CCW) modes in the link ring, and vice versa. The radii R; and R, are
deliberately chosen to be different to prevent unwanted interference, while the gaps g; are tuned to
implement distinct SSH coupling strengths v and w. The coupling pathway depends on the propagation
direction. To achieve non-reciprocal coupling, optical gain (+iy) is introduced in the upper half of the
link ring, while an equivalent loss (—iy) is introduced in the lower half. This asymmetric gain-loss
distribution generates directional-dependent asymmetric interactions, thereby realizing non-reciprocal
coupling in the CROW model. Notably, the non-reciprocity parameter k acquires opposite signs for the
CW and CCW modes in the site rings. By increasing y, the coupling strengths v and w remain nearly
unchanged, while the non-reciprocity k increases monotonically, as shown in Figure 5b.
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This tunability allows for the realization of a linear non-reciprocity profile k,, = + a- (n —r) (a > 0),
where ‘+’ and ‘-’ signs correspond to the CCW and CW modes, respectively. The simulated mode
profiles are shown in Figure 5c—e, compared with the Hermitian case at y = 0. While the eigenvalues
remain nearly unchanged, NHRE induces pronounced reshaping of both bulk and edge modes. In
particular, the CCW modes accumulate at the boundaries, whereas the CW modes localize toward
the center, forming a Gaussian-like wave packet. These mode profiles confirm the effectiveness of
NHRE as mode-field engineering at optical frequencies and suggest a promising route toward

shaping laser resonators.
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Figure 5. Simulated optical demonstration of NHRE in 1D non-Hermitian CROWs: (a) Schematic of
the CROWs, consisting of site rings (radius R* = 1.653 um) and link rings (radius R? = 1.565 um)
with a width of 0.2 um. Coupling strengths v and w are tuned via inter-ring distance (g; = 0.06 um
and g, = 0.04 um), while non-reciprocity is introduced through optical gain (+iy) and loss
(—=1ty); (b) Variation of the SSH coupling strengths v and w and the non-reciprocity k as a
function of y; (¢) Comparison of eigenvalue spectra between the non-Hermitian and Hermitian
models; (d, ¢) Mode distributions for representative (d) bulk and (e) edge states, illustrating the
NHRE-engineered localization: CW modes toward the center and CCW modes at the boundaries.

3. Discussion

In summary, we establish NHRE as a mode-field reshaping engineering framework by investigating the
impact of an arbitrary non-reciprocity distribution in a 1D non-Hermitian TBM model under OBCs. This
engineering strategy, extendable to arbitrary dimensions, enables precise control of mode-field profiles
in aperiodic systems by shaping the Hilbert-space metric, allowing their eigenstates to be reshaped into
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arbitrary field distributions without altering their eigenvalues or the spectral fingerprints of topology.
We experimentally demonstrate NHRE in electric-circuit systems and numerically verify it in optical
CROWSs. By exploiting topological edge or corner modes, NHRE enables flexible field engineering at
topologically isolated eigenfrequencies.

Looking forward, NHRE provides, on the basis of the eigenvalue-invariance proof, a general framework
for decoupling mode-field engineering from spectral and topological constraints in non-Hermitian systems.
This capability may enable new strategies for robust wave manipulation in the presence of disorder and
imperfections, as well as programmable control of mode localization in higher-dimensional lattices.
Furthermore, extending NHRE to nonlinear or time-modulated platforms may allow dynamic control of
mode localization and interactions, opening new avenues for exploring nonequilibrium phenomena in
non-Hermitian topology.

4. Materials and methods
4.1. Numerical compensation of parasitic resistance

Parasitic resistance R,, primarily from inductors, reduces quality factors, resulting in substantial
spectrum broadening and overlapping between adjacent modes. To account for this effect, we apply an
approach analogous to the complex-frequency method [52-55] to compensate for the influence of
parasitic resistance on the measured spectra. The procedure is fully deterministic, uniquely determined
by the experimental data, and involves no adjustable parameters.

In the experiment, the compensated impedance spectrum Z(w) can be obtained through the
following procedure:

Z(w)={z" I -8 W)]-[I+8(w)] " +diag[Je(n,w)]} " (7)

Here, S(w) denotes the measured transmission spectrum matrix of the entire circuit, and J-(n, ) is a
spatially and frequency-dependent equivalent gain used to compensate for the effect of parasitic
resistance. Its values are extracted from the self-admittance J,, (w), measured via transmission spectra,
by imposing the fundamental condition for a passive lossless circuit: the self-impedance must be purely
imaginary. This constraint leads to a direct algebraic determination of J.(n, w), involving no fitting,
optimization, or manual choice.

After compensation by J.(n,w), the loss components in the diagonal entries are eliminated,
resulting in a mutual-impedance spectrum that closely matches the lossless ideal model, as shown
in Figure 3e. We also verify the robustness and determinism of this procedure numerically, as shown
in the Supplementary Materials. Even in regimes of strong modal overlap, the correction restores
well-resolved spectral features. Further evidence is provided by the incoherent mode distribution
shown in Figure 3f, where each peak corresponds to a measured resonant frequency satisfying E, = A(w,).
The raw experimental data (orange curve) show mode overlap caused by losses, whereas the processed
data (green curve) closely follows the theoretical predictions (blue curve) for most modes. These
agreements, within experimental uncertainty, confirm the validity and robustness of the numerical
compensation method.
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Supplementary data

Supplementary materials include detailed theoretical derivations of non-Hermitian reshaping
engineering, numerical verifications in 1D non-Hermitian SSH and 2D BBH models, additional
analyses of topological circuit implementation and impedance-based mode measurements, the
experimental loss-compensation/data-processing procedure, and full-wave simulations of non-Hermitian
modulated coupled resonant optical waveguides. Supplementary Figures S1-S9 provide supporting
numerical, experimental, and simulation results.
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