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Highlights: 

 The resonant trident process (the intermediate real gamma quantum is unobservable). 

 Quantum entanglement of final particles. 

 Very high rates of the resonant trident process. 

Abstract: The characteristic features of the resonant trident process (Oleinik resonances) have been 

theoretically studied in a wide range of frequencies and intensities of a circularly polarized strong 

electromagnetic wave. The resonant trident process is defined by two characteristic quantum energies: 

the characteristic energy of the nonlinear Compton effect and the characteristic energy of the nonlinear 

Breit-Wheeler process. These characteristic energies depend significantly on the frequency and intensity 

of the wave, as well as on the angle between the momenta of the initial electrons and the electromagnetic 

wave. The resonant trident process is effective when the energy of the initial electrons is greater than or 

on the order of magnitude of the corresponding characteristic energies. It is shown that quantum 

entanglement of final particles takes place in this resonant process. An important aspect of the resonant 

trident process is the equality of the energies of the electron and positron pairs. Analytical expressions 

for the differential rates of the resonant trident process on the energy of final particles are obtained. The 

corresponding analytical expressions for total rates have also been obtained. It is shown that the rate data 

of the resonant trident process in the field of optical and X-ray wave frequencies significantly exceed 

the corresponding rate of the non-resonant trident process. Results obtained can be used in experiments at 

leading laser centers, as well as to explain Quantum Electrodynamics (QED) processes in strong X-ray 

fields near neutron stars and magnetars. 

Keywords: Oleinik resonances; the resonant trident process; nonlinear Compton effect; nonlinear 

Breit-Wheeler process; ultra-relativistic electrons and positrons; quantum entanglement 

1. Introduction 

Development of high-intensity lasers raised interest in Quantum Electrodynamics (QED) in external 

fields [1–3]. Among these experiments LUXE collaboration should be highlighted as it is set to give 
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essential data for electron-laser and gamma-laser interactions in strong electromagnetic fields [4–8]. First 

valuable results in external field interactions were observed in [9]. This experiment showed that 

nonlinear effects appear in Compton scattering. Since then, laser systems have achieved higher 

intensities allowing further investigation of nonlinear effects in external fields [10–14]. In the recent years 

even more intense fields were achieved in works [15–19]. The main points of interest in QED in external 

fields are the first-order processes: the Nonlinear Compton Effect (NCE) and the Nonlinear Breit-Wheeler 

Process (NBWP). Articles [20,21] give a proper overall description of the NCE. Among works on the NCE 

intense external field case is of great scientific interest [22–25]. The NCE also give essential data for 

polarization studies [26,27]. The NBWP is also an essential part of external fields studies [28,29]. It can 

also be considered in terms of polarization effects, which has been done in works [30–34]. The strong 

external field case for the NBWP is studied in [35–37]. The NBWP is also studied in various conditions 

for pair production [38–41]. It can also be studied for different field configurations [42–44]. All these 

works show how big the contribution of external fields processes to the development of QED. 

In recent years the second-order processes by the fine-structure constant raised in popularity 

among QED scientists with the studies of the Trident Process: the electron and electron-positron pair 

production in electron-laser collisions [45–49]. Among these works the strong external field case is 

also considered [50–52]. It should be noted that second-order processes can be described in two different 

ways: the resonant (Oleinik resonances [53,54]) and non-resonant way. The resonant case for the trident 

process was studied in [55]. Resonant cases for other processes were studied in works [56–60]. We 

emphasize that resonant cases are essential for describing external field processes (such as [61–63]), 

especially for the strong external field cases. Moreover, resonance studies can be used for researches on 

elementary particle structure and QED phenomena when applied for external field studies [64–68]. We 

emphasize that the resonant processes are essential for describing cosmology problems [69–71] where 

high wave frequencies and high initial particle energies are present. The resonance studies can be 

essential for processes near pulsars [72,73] and magnetars [74,75]. Another field of science resonance 

studies can be applied on are vacuum interactions [76–78]. As it is shown, resonances are yet to be fully 

realized for many processes of the QED. 

We would like to emphasize significant difference between resonant and non-resonant trident 

processes. In the resonant case, the intermediate virtual gamma-quantum in the wave field reaches the 

mass envelope  2 0q  . At the same time, the resonant infinity that occurs in the amplitude of the 

process in case of a monochromatic wave is eliminated by the Breit-Wigner procedure [79]. For the 

intermediate gamma-quantum, the laws of conservation of energy and momentum are fulfilled. As a 

result, the initial second-order process effectively splits into two first-order processes by the fine 

structure constant (the nonlinear Compton effect and the nonlinear Breit-Wheeler process). In this case, 

the intermediate gamma-quantum is unobservable in the quantum mechanical sense. As a result, the 

kinematics and energies of the finale particles have a strong correlation (quantum entanglement), 

determined by the nonlinear Compton effect or the nonlinear Breit-Wheeler process. So, in the first case, 

the energy of the final electron, determined by the nonlinear Compton effect, uniquely determines both 

the outgoing angles of all final particles (the final electron and the electron-positron pair) and the energy 

of the electron and positron pairs, which are equal to each other. In the second case, the energy of the 

electron (positron) of the pair, determined by the nonlinear Breit-Wheeler process, uniquely determines 

the outgoing angles of all finale particles and the energy of the finale electron. In contrast, the non-resonant 
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trident process occurs when the intermediate gamma quantum is virtual  2 0q  . In this case, the 

outgoing angles and the energies of the final particles are related only by the laws of conservation of 

momentum and energy in general for the trident process. It should be noted that the non-resonant case also 

includes the article [48], which studied positron energy distribution in the factorized trident process. In this 

article, the trident process is proposed to be studied as a two-stage process of electron-positron pair 

generation. On the first stage as a result of a NCE high-energy photon appears. On the second stage the 

NBWP creates electron-positron pairs. It is important to note that here a high-energy photon is observable. 

At the same time, the outgoing angles and energies of the electron and positron of the pair are determined 

only by the laws of conservation of energy and momentum for the nonlinear Breit-Wheeler process. 

In our previous article [55], resonant kinetics was not fully studied. Thus, the minimum number of 

absorbed photons of a wave in the nonlinear Breit-Wheeler process was determined for the outgoing 

angles of a pair greater than the maximum outgoing angle. In the intermediate range of outgoing angles 

(from minimum to maximum outgoing angles), the minimum number of absorbed photons has not been 

studied. In addition, only the differential resonant probability of the resonant trident process was 

determined with simultaneous registration of the outgoing angles and the energy of the final particles. 

The energy distribution and the total resonant probability have not been studied. 

In this article, we will focus on developing the results obtained in our previous paper [55] on the 

resonant trident process. We obtain qualitatively new results that significantly expand the understanding 

of the resonant kinematics of RTP, and for the first time we obtain differential RTP rates for the energy 

of final particles, as well as the total RTP rate for various initial electron energies, wave frequencies and 

intensities. Further, we will be using relativistic system of units: 1c  . 

Let us choose the 4-potential of the external electromagnetic field in the form of a plane circularly 

polarized monochromatic wave propagating along the z axis: 

     cos sin , ( ), 1.x y

F
A e e kx t z      


         (1) 

Here F is i leltristi fsledi  rilngrh, —frequency of the wave,  ,k  k  is a 4-wave vector, ,x ye e —4-

vectors of wave polarization that have the following properties: (0, ), (0, ),x ye e x ye e  
2 20, ( ) ( ) 1.x y x ye e e e     The main parameter of the discussed problem is the classical 

relativistic-invariant parameter 

 eF

m



 , (2) 

which is numerically equal to ratio of the field work at the wavelength to rest energy of electron (e iandi m  

are charge and mass of electron). In this problem we have relativistic-invariant quantum parameters of 

the NCE  iС  and the NBWP  iBW  [55–59]: 

   
2 2

2
,

2

i i
iC iBW

kp kp

m m
 

 

  . (3) 

Here  ,i i ip E p  is the initial electron 4-momentum and m  is the effective electron mass in the field 

of a circularly polarized wave 

21m m    . (4) 

In the discussed problem relativistic-invariant parameters, related to the final particles-electron and 

electron-positron pair, are defined as: 
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   
2 2

2
, , ,

2

j j

jC jBW

kp kp
j f

m m
 

 

    . (5) 

Further, we will be discussing ultra-relativistic case of the initial electron energy  iE  and the 

energies of the final particles: electron  fE  and electron-positron pair  E . 

, , ,jE m j i f  . (6) 

In ultra-relativistic case (6) final particles scatter in a narrow cone along the momentum of the initial 

electron. At the same time, we will assume that this narrow cone of particles lies far from the direction 

of propagation of the external electromagnetic wave (otherwise, the resonances disappear [55–59]). 

Therefore, the angles between the momenta of particles: the initial electrons  ip , the final electrons 

 fp  and the electrons (positrons) of the pair  p , must satisfy the following relations: 

   1, 1, ,f f    ip p p p , (7) 

   ~1,, , , ,i j i j f    ip k p k . (8) 

We will also assume that the classical parameter   is limited from above by the following condition [55–59]: 

min , .
fE E

m m
  
  

 
 (9) 

Because of this, further consideration of the resonance process will be valid for sufficiently high wave 

intensities. However, the intensity of these fields should be less than the critical Schwinger field
161.3 10 V cmF   . 

In kinematic conditions (6)–(8) quantum parameters of the NCE and the NBWP (3), as well as 

quantum parameter (5) have a simple physical meaning. They are equal to the ratio of the corresponding 

energy of the initial or final particles to the characteristic quantum energy of the NCE or the NBWP: 

, , , ,
j j

jC jBW

C BW

E E
j i f 

 
    . (10) 

Here 
C  and 

BW  are the characteristic quantum energies of the NCE and the NBWP 

correspondingly [55–59]: 

 
 

2 2

2

1
, 4 .

4 sin 2
C BW C

i

m 
  

 


   (11) 

From here it follows that characteristic quantum energies (11) are inversely proportional to the 

frequency    and proportional to the intensity of the external electromagnetic wave  2I  . They 

also depend on angle between initial electron momentum and external wave-vector. Note that at 0i   

characteristic energies ,C BW   . Therefore, quantum parameters 0, 0iC iBW    and 

Oleinik resonances disappear [55–59]. In the articles [4–8] experiment conditions are discussed (for 

example, for LUXE-0, 1.55 eV,    0.1; 5  , 17.2i   , 16.5 GeViE  ) even for weak fields 

 0.1  ) characteristic energy of the NCE (11) 2 TeVC   and quantum parameter 
20.83 10iC
  . 

In this case, the resonant conditions (see relation (54)) threshold number of photons of the wave for the 

NBWP will be very large  45 10thn   . Therefore, the resonant trident process will be suppressed. 

Because of that the trident process described in this article has non-resonant character. 

Further, we will assume that the characteristic energy of the NCE significantly exceeds the rest 

energy of the electron. 
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 21 1C m

m





  . (12) 

Condition (12) imposes a restriction on the frequencies of the external wave. The frequencies should not 

be close to the rest energy of the electron. It is important to note that in the resonant case, the inverse of 

the NCE quantum parameter determines the optimal number of photons of the wave (at which the 

probability of the process has the maximum value) in the NCE (at the first vertex) [55]: 

1

iC iCn      . (13) 

At the same time, the inverse of the quantum parameter of the NBWP determines the necessary condition 

for the minimum number of photons of the wave in the NBWP (at the second vertex) [55–59]: 

1

iBW iBWn      . (14) 

As will be shown below, condition (14) is a necessary but not a sufficient condition in the resonance 

process (see Sections 3.2 and 3.3 of this article). We also note that for ultra-relativistic particle energies 

and small outgoing angles, it is common (for example [55–59]) ultra-relativistic parameters and energies 

normalized to the energy of the initial particles are used. Thus, in [55], ultra-relativistic parameters and 

energies normalized to the energy of the initial electrons were used for the outgoing angles of the final 

electron and the electron-positron pair, as well as their energies: 

, , ,
i j j

j j

i

E E
x j f

m E






    . (15) 

At the same time, depending on the resonant differential probability of the outgoing angles, there is 

no obvious dependence on the energy of the initial electrons. At the same time, the resonance process 

has characteristic quantum energies of the NCE (at the first vertex) and the NBWP (at the second vertex), 

which are determined only by the parameters of the electromagnetic wave and the rest energy of the 

electron (11). Because of this, it is advisable for the RTP to normalize the energies, as well as the 

outgoing angles of particles, with the characteristic energies of the NCE and the NBWP. So, for the 

ultra-relativistic parameters (15), we obtain:  

, ; , .
C f BW

f iC fC fC iBW BW BW
m m

   
        

  

 

     (16) 

With this in mind, the dependence on the energy of the initial electrons in the RTP rate will be shown 

explicitly through quantum parameters iC  and iBW . Therefore, in this article energies and outgoing 

angles of the final particles will be normalized by characteristic energies of the NCE and the NBWP. 

2. Amplitude of the resonant trident process 

The amplitude of the process can be written as [55]: 

2

1 2

1

1 1

,n nif

n n

S S
 

 

  (17) 

where partial amplitude 
1 2n nS itoiil pond iroiab oiprsoniofi 1n i(snirhlifsi rivlirlx)iandi 2n  (in the second 

vertex)—photons of the external wave. 
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     

   
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,2
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16 1
, ,

.

f i

id

n n p n f i p p n p f

i f

f i

e e
S u F p p u u F p p p p

qE E E E

p p p p n n k










 



    

 

 

 
         
 

      

 (18) 

Here 4-momentum of the intermediate photon is defined as 

2 .q p p n k     (19) 

In expression (18) 
ipu —Dsiat’ ibs psnoiiofi rhlisnsrsaeileltrion,i , ,

fp p pu u 
 

—Dsiat’ ibs psnoi iofirhli

final electron and electron-positron wave, 
0d —phase independent of summation indices, function 

 
1

,n f iF p p


 has the following form: 

       
1 1 1 11 1, , , ,n f i f i n f i n f i nF p p a p p L b p p L b p p L   

          . (20) 

Here matrices a  and b

  are defined as: 

 
  

2 2

, ,
2

f i

f i

m
a p p kk

kp kp

  
   (21) 

 
   

1 1
, ,

4
f i

f i

m
b p p k k

kp kp

  
    

 
  

 
 (22) 

.x ye ie    (23) 

In expression (20) special function 
1nL  [55–59], that in the case of circular polarization of the external 

wave can be expressed with Bessel functions of integer order 

   
1 11exp ,

f i f in p p n p pL in J    (24) 

where indicated 
2 ,

f i f ip p p pm Q    (25) 

 
 

tan ,
f i

f i

f i

p p y

p p

p p x

Q e

Q e
   

   
.

f i

f i
p p

f i

p p
Q

kp kp
   (26) 

In the expressions above m  is the effective mass of the electron in the plane wave field (4), 

 ,j j jp E p  are 4-quasimomenta of electrons and positrons: 

 

2
2 , ,

2
j j

j

m
p p k i f

kp
    . (27) 

It should be noted, that functions  
2 , ,nF p p    in expression (18) are obtained from  

Equations (20)–(26) by substituting: 1 2, ,i fp p p p n n    ,iandieowlisngi  indices. 

3. Kinematics of the resonant trident process 

In case of resonance, intermediate gamma-quantum becomes real (Oleinik resonances [53,54]). As a 

result, initial second-order process by the fine-structure constant in the wave field effectively splits into 

two first-order processes by the fine-structure constant: NCE (in the first vertex) and NBWP (in the 

second vertex). The diagram of the process in the resonant case is illustrated on Figure 1. 
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Figure 1. Feynman diagram of the resonant trident process: channels A and B. 

2 0.q   (28) 

The following expressions will be considered for the resonant channel A. Let us define the conservation 

law of the 4-momentum in the first and second vertices of the Feynman diagram in resonant case (28) 

(see Figure 1A): 

1 ,i fp n k q p    (29) 

2 .q n k p p     (30) 

Considering that 2 2 2

,i fp p m   iandi 2 2 0q k  ,iilearson i(29)iandi(30)iailivaesdi sfi
1 1n  iandi

2 1n  . 

Note that relation (29) is the conservation law of the 4-momentum for NCE, and expression (30) is the 

conservation law of the 4-momentum for NBWP. 

3.1. Kinematics of the resonant trident process on the lower branches of the final particle energies 

In the first vertex the NCE takes place. Considering the conservation law in the first vertex (29), as well 

as the resonance condition (28), we obtain relativistic-invariant expression for the 4-momenta of the 

initial and final electrons in the electromagnetic wave field: 

 
 

 
2

12 2

2
2

1

i f fCiC
iC fC

fC iC

p p
n

m


 

  

 
     

  
. (31) 

Here relativistic-invariant parameters iC iiandi fC iihave the form (3) and (5). In kinematic 

conditions (6)–(8), (10) we can obtain the quadratic equation for the resonant energy of the final electron 

in the first vertex from expression (31). The solution for this equation will be two possible branches of 

the electron energy (the lower branch with «minus» sign before the square root and the upper branch 

with «plus» sign before the square root, see relation (32)). It should be mentioned, that electron energy 

on the upper branch does not contain physical sense at the zero outgoing angle of the electron [55], 

whilst the lower branch is defined on the whole range of possible outgoing angles. The final electron 

energy can be presented in units of characteristic energy of the NCE: 

 

    
  

2 2

1 1

1 2

1

2 1 1 4

2

iC fC df d

fC d

C iC iC fC d

n nE

n

 


   

  
 

 
. (32) 

Here  
2

fC d  is the ultra-relativistic parameter of the electron (16), that defines the square of its outgoing 

angle at the lower branch of energy. Depending on the number of absorbed photons in the first vertex, 

this parameter changes in the following interval: 
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   

2 22

2 21

2

*

0 ,
2

C f

fC d fC d

n

m

 
 

 
   

 
. (33) 

From expression (32) it follows that the energy of the final electron (in units of characteristic energy of 

the NCE) on the lower branch is defined by the number of absorbed photons of the wave in the first 

vertex 
1n , the quantum parameter of the NCE 

iС  (10), (11) and the ultra-relativistic parameter of the 

electron  
2

fC d  (33). The minimum and the maximum of the resonant electron energy on the lower 

branch is obtained from relation (32) at zero and maximum outgoing angle: 

 
min

1

,
1

i
f d

iC

E
E

n 



 (34) 

 
max

1

1

, 1.
1 2

i
f d

iC

E
E n

n 
 


 (35) 

Considering relations (34), (35), expression for the final electron energy on the lower branch (32) can 

be rewritten in a more pleasing for analysis form: 

 

 

1

11
,fC d

iC f d

n


 



 
  
 

 (36) 

where function  f d  is defined as 

 

  
   

2 2

1 1

2 2 2

1 1

2 1 1 4

1 2 1 4

iC fC d

f d

iC fC d fC d

n n

n n

 


  

  


  
. (37) 

With the change of the ultra-relativistic parameter  
2

fC d  from zero to the maximum (33), function  f d

changes from 1 to 2 (see expressions (34), (36)): 

 1 2f d  . (38) 

In the second vertex in the resonant case the NBWP takes place. Considering the conservation law 

in the second vertex (30), as well as the resonance condition (28), we obtain relativistic-invariant 

expression for the 4-momenta of the electron-positron pair in the electromagnetic wave field: 

 

 
 

2

22 2
2 1 4

1

BW BW
BW BW

BW BW

p p
n

m

 
 

  
   

 

  

  
          

. (39) 

Here relativistic-invariant parametersi BW iihavli rhli foimi (5).i Expil  soni (39)i s i snvaisanri roi rhli

 ymmlristaei  ub rsrursoniofi rhli 4-momlnraiofi rhli leltrion-po srionipasii  p p  i.iThlilfoil,i sni rhli

pil lnriairsteliwliwseeiton sdliilnligsl iofirhlileltrioniandipo srioniofirhlipasiiroiblilquaei  E E  . 

The case of different energies will be considered in the next article. In kinematic conditions (6)–(8), (10) we 

can obtain the quadratic equation for the resonant energy of the electron-positron pair in the second vertex 

from expression (39). The solution for this equation will be two possible branches of the electron-positron 

pair energy (the lower branch with «minus» sign before the square root and the upper branch with «plus» 

sign before the square root, see relation (40)). It should be mentioned, that electron-positron pair energy 

on the upper branch does not contain physical sense at the zero outgoing angle [55], whilst the lower 

branch is defined on the whole range of possible outgoing angles. The electron-positron pair energy can 

be presented in units of characteristic energy of the NBWP: 
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 

   

 

 

 
22

2

2 2

2 2

2
, 1 1 .

2

d d BW d

BW d d

BW BW d

E n

n n

 
 

 

  

 



 
     

 
 

 (40) 

Here  
2

BW d
 is the ultra-relativistic parameter of the pair, that defines the square of its outgoing angle 

at the lower branch of energy. Depending on the number of absorbed photons in the second vertex, this 

parameter changes in the following interval: 

   

2 2
2 2 2

2 2

*

0 , .
4

BW
BW d BW dn

m

 
  
     (41) 

From expression (40) it follows that the positron (electron) energy of the pair (in units of characteristic 

energy of the NBWP) on the lower branch is defined by the number of absorbed photons of the wave in 

the second vertex 
2n  and the ultra-relativistic parameter of the pair  

2

BW d
. Note that the change of the 

ultra-relativistic parameter of the pair  
2

BW d
 from zero to the maximum corresponds to the change of 

the function  d  (40) from 1 to 2: 

 1 2d  . (42) 

The minimum and the maximum of the positron (electron) energy on the lower branch is obtained from 

relation (40) at zero and the maximum outgoing angle: 

   
min max

2 2 2 2

, .
2 2

i BW i BW
d d

iBW iBW

E E
E E

n n n n

 

 
      (43) 

Considering that the maximum energy of the pair must be at least less than the energy of the initial electron, 

we obtain the following restriction on the minimum number of absorbed photons in the second vertex: 

2

2

iBW

n


 
  
 

. (44) 

Note that condition (44) is necessary but not sufficient (see Sections 3.2 and 3.3 of this article). 

Expression for  d  (40) can be rewritten in a more pleasing for further analysis of the threshold number 

of photons of the wave absorbed in the second vertex for the NBWP. Let us set parametric change of the 

ultra-relativistic parameter of the pair  
2

BW d
 in the interval (41): 

 
2 2

2 , 0 1BW d n      . (45) 

Thlilxpil  son ifoii  d  funtrson and the positron (electron) of the pair energy on the lower branches (40)i

ailidlfsnldisniaipaiamlristifoim: 

   
2

1 1 ,d   


      (46) 

 

22
BWdE

n

   . (47) 

Therefore, resonant energies of the electron and the electron-positron pair have two possible branches 

of solutions. However, only lower branches of the final particles energies have physical sense in the 

whole range of possible outgoing angles (see relations (32) and (40)). Because of the general energy 

conservation law of the RTP, every energy of the electron (pair) on the lower branch has a corresponding 

energy of the pair (electron) on the upper branch. Therefore, the conservation law of the RTP defines 

corresponding energies on the upper branches. Further, we will be distinguishing two possible 

combinations of resonant energies and angles of final particles. Therefore, we have two cases of quantum 

lnrangelmlnriofirhlifsnaeipairstel’ i rarl .iLlriu iton ider these two cases. 
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3.2. Quantum entanglement at electron energy (outgoing angle) detection 

In this case the resonant energy of the final electron is defined on its lower branch (32), (36), (37). The 

energy of the electron-positron pair on the upper branch is defined from the general energy conservation 

law of the RTP: 

   2 iu f dE E E   . (48) 

Diving every term in relation (48) by 
C  we obtain: 

 

   

 

2 2
2

2

*

4 , .
u u C

C u C u

C BW

E E

m

 
 

 

  
     (49) 

Substituting the upper branch for the energy of the electron-positron pair (see relation (40) with a «plus» 

before the square root) and lower branch for the final electron energy (32) into the general energy 

conservation law (48), considering (49), we obtain the following expression: 

      2 2 2

2

2

1
1 4 1 0

2
iСС u С u fС dn

n
         . (50) 

Fiomirhs iwliglrirhliuera-ilearsvs rstipaiamlrliiofirhlipasi  
2

С u
, that is uniquely defined by the energy 

of the final electron on the lower branch, number of absorbed photons of the wave in the second vertex 

and the quantum parameter of the NCE.  

      2

2 .С u f d f dn      (51) 

Hlilifuntrsoni  f d  has the following form: 

 

  
4

f d

iС fС d


 




. (52) 

It is important to note that function  f d  (52) can be defined by  f d  (37) if expressions (36), (37) are 

used for the electron energy. 

 

 

1

4
1 .

f d

f d

iС iCn




 

 
  

 
 (53) 

Expressions (51), (53) define relation between outgoing angle of the pair and the outgoing angle of the 

electron. Substituting expression (51) in the right part of relation (50), we get the following restriction 

on the number of photons of the wave absorbed in the second vertex in dependence on outgoing angle 

of the electron: 

 2 , 2th th f dn n n      . (54) 

Here thn  is the threshold value of the number of photons of the wave absorbed in the second vertex (in 

the NBWP). Relation (51) allows us to define the interval of change for the ultra-relativistic parameter 

 
2

С u
 for the upper branch of the energy of the electron-positron pair in dependence on the outgoing 

angle of the final electron: 

     
2 2 2

min maxС С u С      , (55) 

where indicated 

        
2

2min min min min

1

4 1
, 1 ,С f f f

iС iC

n
n

   
 



 
    

 
 (56) 
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        
2

2max max max max

1

4 2
, 1 .С f f f

iС iC

n
n

   
 



 
    

 
 (57) 

The interval of change in the threshold value of the number of photons of the wave in the second vertex 

thn  (54) in dependence on the outgoing angle of the final electron is defined by the expression: 

   min max .thth thn n n   (58) 

Here indicated: 

       min min max max2 , 2 .th f th fn n          (59) 

From relation (58) we can see that in the whole range of the outgoing angles of the electron-positron 

pair on the upper branch its energy (55) the number of photons of the wave absorbed in the second vertex 

must satisfy the following condition: 

 2 maxthn n . (60) 

It can be seen from Figure 2 that with an increase in the number of absorbed photons of the wave, 

the range of outgoing angles of the final electron increases (see relation (33)). The energy of the final 

electron decreases, and the energy of the electron (positron) of the pair increases. At the same time, an 

increase in the energy of the initial electron also leads to a decrease in the energy of the final electron 

and an increase in the energy of the pair. 

  

Figure 2. Dependence of the energy of the final electron  fC d  on the lower branch (32) (solid 

curves) and the electron-positron pair  2 C u  on the upper branch (48) (hatched curves) on the 

ultra-relativistic parameter of the electron  
2

fC d  with fixed number of the photons of the wave 

absorbed in the first vertex  1 1,2n  . (a) and (b) correspond the energy of the initial electron 

2iC   and 10iC   respectively. 

We can determine the minimum energy of the initial electron, at which the threshold number of the 

photons of the wave absorbed in the second vertex is equal to one over the whole range of the electron 

outgoing angles. 

   
1 1 2min

1

1
4 1 1 , 1, 1 .iС n n n

n
 

 
      

 
 (61) 

From expression (61) it follows that at  1 1n   and  1 min 9.68iС    process in the second vertex 

appears with absorption of one photon of the wave. In this case, as it will be shown further, the resonant 

rate of the process will be the biggest. If  1iС  , then the threshold number of photons of the wave 

(54), (59) has the following order magnitude: 
1 2

1 1th iСn n      . In this case the RTP rate will be 
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suppressed. When the electron scatters at the zero angle   2 0fC d   the outgoing angle of the pair will 

be minimal (    
2 2

minС u С   , see expression (56)). In these conditions the number of the photons of the 

wave absorbed in the second vertex will be defined by a «milder» condition. 

 2 minthn n . (62) 

From this, we obtain a condition for the possible energies of the initial electron 
iС , for which the 

minimum number of photons in the second vertex is equal to one: 

   
1 1 2min

1

1
4 1 1 1, 1 .

2
iС n n n

n
 

 
      

 
 (63) 

Because of this, when scattering final particles at the minimum angles for 
1 1n   andi  1 min 8.92iС    , 

the process of absorption of photons of the wave in the second vertex begins with a single photon. Thus, 

the energy of the positron (electron) of the pair on the upper branch, because of the general law 

conservation of energy, is determined by the energy of the electron on the lower branch (36), (37) or the 

outgoing angle of the electron: 

 
1

1

1
1 .

2 2

fiC
C iC fC

iCn


  







 
    

 
 (64) 

In this case, the maximum and minimum energies of an electron-positron pair take the form: 

   

1 1

max min

1 1

1 2
1 , 1 .

2 2

i i
u u

iC iC

E E
E E

n n 

 

 

   
      

   
 (65) 

Let us consider an experimental situation where the energy of the initial electrons significantly exceeds 

the characteristic energy of the NCE. In this case, the NCE quantum parameter satisfies the condition: 

1.iC   (66) 

Then the energies of the final particles (36), (64) will take the form: 

   
1 1

1
, .

2 2

f f i
iC i i iCf d u

E
E E E E

n n

 
 

 
     

 
 (67) 

In this case the energy of the final electron is much smaller than the energy of the initial electron and 

has the order of magnitude of the characteristic energy of the NCE. In this case, the positron and electron 

energies of the pair are equal and close to half the energy of the initial electrons. It is important to 

emphasize that in this case, the ultra-relativistic parameter of the pair  
2

С u
 (51)–(53) is close to the 

value of  
2

С 
 regardless of the outgoing angle of the electron: 

     2 2

2 2

4 4
, 1 .С u С

iС iС

n n 
 

  

 
    

 
 (68) 

Figure 3 shows the dependence of the square of the outgoing angle of the electron-positron pair on 

the upper branch of its energies (51) as a function of the energy of the final electron (34). Figure 3a 

corresponds to small energies of the initial electron  2iC  i,i whlila i rhli rhil hoedi numblii ofi rhli

phoron i ofi rhliwavli ab oibldi sni rhli  ltondi vlirlxi  sgnsfstanreyi dlplnd i oni rhli lnligyiofi rhli fsnaei

leltrioni (rhli numblii ofi rhli phoron i ofi rhliwavli ab oibldi ari rhli fsi ri vlirlx).i So,i foii 1 1n  iiwli glri

2 7,8,n  i,i andi foii 1 2n  iiwli havli 2 6,7,n  ii( lli ilearsoni (54)). Figure 3b,c is plotted for large 

energies of the initial electron  10iC  , when the number of the photons absorbed in the second vertex 
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starts from one. Figure 3 shows that each possible interval of change in the final electron energy uniquely 

corresponds to a certain interval of change in the outgoing angle of the pair. 

   

Figure 3. Dependence of the ultra-relativistic parameter of the pair  
2

C u
 on the upper branch (54) 

on the electron energy on the lower branch  fC d  (34) for different numbers of the photons of the 

wave in the first  1 1n   and second  2 thn n  (54) vertices. (a) corresponds to the initial electron 

energy 2iC  ; (b) and (c) correspond to the number of absorbed photons of the wave 
2 1n 

 1 1,2n   and 
2 2n   1 2n  , respectively, for the initial electron energy 10iC  . 

3.3. Quantum entanglement at electron energy (outgoing angle) detection 

In this case, the resonant energy of an electron-positron pair is determined by its lower branch (40), 

(45) and (46). The electron energy on the upper branch is determined from the energy conservation 

law for the RTP: 

   2if u dE E E  . (69) 

Dividing each term in the relation (69) by 
BW  and taking into account the equalities: 

   
2 2

2 2

2

*

1
, 4 .

4 4

f u f u BW f

fBW fBW fC

BW C

E E

m

 
  

 
     (70) 

Substituting into the energy conservation law (69) corresponding energies of the final particles (see the 

expression (40) and the relation (32), in which plus sign is put before the square root), we get the 

following relation: 

      2 2 2 2

1 1 1

2

1 2 1 4 4 1 2 1 2 0iBW iBW iBWfBW u fBW u

iBW

n n n
n

    


 
        

 
. (71) 

Here the function   takes form (46). After simple transformations, we obtain the desired dependence 

of the outgoing angle of the final electron on the upper branch on the outgoing angle of the electron-

positron pair on the lower branch: 

      2

14 ,fBW u d dn      (72) 

where the function  d  is defined by the expression: 

 

1

21
1 .

4

iBW
d

iBW

n






 





 
  

 
 (73) 

Relation (72) allows us to determine the range of changes in the ultra-relativistic parameter  
2

fBW u  for 

the upper branch of the final electron energy: 
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     
2 2 2

min maxfBW fBW u fBW    . (74) 

where is indicated 

        
 

2

1min min min min

2

1
4 , ,

4 1
fBW

iBW iBW

n
n

   
 

    


 (75) 

        
 

2

1max max max max

2

1
4 , .

2 2
fBW

iBW iBW

n
n

   
 

    


 (76) 

In this case, the energy of the electron on the upper branch is completely determined by the energy of 

the electron-positron pair on the lower branch: 

 

 

2

1
f u

iBWfBW u

BW iBW

E

n

 
 

 
   

 
. (77) 

Hence, it is easy to obtain expressions for the maximum and minimum energy of the final electron: 

   
min max

2 2

2 1
1 , 1 .i if u f u

iBW iBW

E E E E
n n 

   
      

   
 (78) 

The number of the photons of the wave absorbed in the second vertex  in the relations (72)–(78) 

is determined by substituting the expressions (72), (45) into the right side of the relation (71). After 

simple calculations, we get the desired relation for : 

2 .thn n  (79) 

Here 
thn  is the threshold number of photons of the wave absorbed in the second vertex, which is 

determined by the function  (46): 

1

1
, 1

2
th

iBW iBW

n
n

 
 

 

 
      

 
. (80) 

We emphasize that in the relation (80), the change of the parameter   from zero to one determines the 

interval for change of the threshold number of photons of the wave thn , as well as the ultra-relativistic 

parameter  
2

BW d
 (45): 

   min max ,thth thn n n   (81) 

where 

       min min max min, 2 ,th thn n           (82) 

 min

1

1 1
1 .

2iBW iBWn


 


 
  

 
 (83) 

Thus, the threshold number of photons of the wave absorbed in the second vertex at the minimum 

outgoing angles of the electron (59) and electron-positron pair (82) differ from each other. This is due 

to various features at minimal outgoing angles on the upper branches of the electron and pair energies. 

In this case, the threshold number of photons of the wave absorbed in the second vertex at the maximum 

outgoing angles of the electron (59) and electron-positron pair (82) equal to each other. Thus, when an 

electron-positron pair flies out at the zero angle   2 0BW d  , the number of photons of the wave 

absorbed in the second vertex will be determined by a “softer” condition: 

 2 minthn n . (84) 

2n

2n


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From this, we obtain the condition for possible values of the energy of the initial electron 
iBW , for which 

the minimum number of photons of the wave absorbed in the second vertex is equal to one: 

   
1 1 2min

1

1 2
1 1 , 1, 1 .

2
iBW n n n

n
 

 
      

 
 (85) 

Thus, when scattering at the minimum angles of the final particles, the process of absorption of photons 

of the wave in the second vertex begins with a single photon foii
1 1n   andi  1 min 1.37iBW   . 

Now we consider the case when the energy of the initial electrons is significantly higher than the 

characteristic energy of the NBWP. In this case, the quantum parameter of the NBWP satisfies the condition: 

 1, 1 .iBW iC    (86) 

Under the condition (86) resonant energies of the final particles (47), (77) take the form: 

   

2 2

, .
2

iBW i i iBW id f uE E E E E
n n

  
        (87) 

In this case, the energy of the positron and electron of the pair is of the same order of magnitude of the 

characteristic energy of the NBWP and much smaller than the energy of the initial electron. On the other 

hand, the energy of the final electron is close to the energy of the initial electron. It is important to 

emphasize that in this case, the ultra-relativistic parameter of the electron on the upper branch of energy 

 
2

fBW u  (72)–(73) takes the following form: 

 
2 1

2

2

1fBW u

iBW

n

n




 
  

 
. (88) 

It shows that depending on the outgoing angle of the electron-positron pair (45), the outgoing angle of 

the electron becomes twice as big, while remaining small: 

       
2 2 2 2 1

2

2

1
2 , 1fBW fBW u fBW fBW

iBW

n

n
   


  

 
    

 
. (89) 

To sum up the resonant kinematics, we can note that there are two different cases. The first case 

occurs, when the states of the final particles (their energy and outgoing angles) are mainly determined 

by the NCE, that occurs at the first vertex. The second case occurs, when the states of the final particles 

(their energy and outgoing angles) are mainly determined by the NBWP, that occurs at the second vertex. 

Thus, in the RTP, quantum entanglement of the sates of the final particles occurs, which is determined 

by two different first-order processes (the NCE or NBWP). 

Figure 4 shows the dependence of the energies of the final particles (the electron on the upper 

branch (77) and the electron-positron pair on the lower branch (40)) on the square of the outgoing 

angle of the pair for different initial electron energies with fixed number of photons of wavli 1n iandi

2n . Figure 4a,b is plotted for a small initial electron energy  0.5iBW  , when the number of the 

photons of the wave absorbed in the second vertex depends on the outgoing angle of the pair and 1n i

( 2 ,thn n  (79)–(83)). At 1 1n  iwlihavli 2 5,6,7,8,n  iandiari 1 2n  iwlihavli 2 4,5,6,n  . Figure 4c 

is drawn for big initial electron energy  2.5iBW   when the number of the photons of the wave 

absorbed in the second vertex starts with one. Figure 4a illustrates case when the energy of the electron 

always exceeds the pair energy. Figure 4b,c illustrates cases when the energy of the electron can be 

higher or lower than the pair energy. 
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Figure 4. Dependence of the energies of the final electron on the upper branch  fBW u  (77) (solid 

curves) and the electron-positron pair on the lower branch  2 BW d  (40) (hatched curves) on the  

ultra-relativistic parameter of the pair  
2

BW d
 for a fixed number of the photons of the wave absorbed 

in the first  1 1n   and second  2 thn n  vertices and the given energy of the initial electron 
iBW . 

(a) and (b) correspond to the cases when the number of photons of the wave at the second vertex 

begins with a threshold value (  (79)–(83)); (c) corresponds the big initial electron energies, 

when . 

Figure 5 shows the dependence of the square of the outgoing angle of the electron (72) on the 

electron-positron pair energy on the lower branch (40). Figure 5a is drawn for small energy of the initial 

electron  0.5iBW  , when the threshold number of the photons absorbed in the second vertex depends 

on the pair energy (the NBWP). Figure 5b is drawn for large energy of the initial electron  2.5iBW  , 

when the threshold number of the photons absorbed in the second vertex starts with one. Figure 5 shows 

that each interval of the electron-positron pair energy uniquely corresponds to a certain range of electron 

outgoing angles. 

   

Figure 5. Dependence of the ultra-relativistic parameter of the electron  
2

fBW u  (72) on the pair 

energy on the lower branch  BW d  (40) for different numbers of photons of the wave absorbed in 

the first  1 1n   and second  2 thn n  vertices (79), (80). Points on (a) correspond to the decrease 

in the threshold number of photons of the wave absorbed in the second vertex with the increase in 

the pair energy; (b) is drawn for large energy of the initial electron when 2 1n  . 

4. The resonant trident process rate 

In the previous Section, it was shown that the two final electrons (in the first and second vertices) have 

different energy under resonance conditions. This is because the electron of the pair has the same energy 

as the positron. Because of this, the final electron and the electron pair are distinguishable (see Figure 2) 

and as a result, channels A and B do not interfere and are topologically identical. Therefore, in the future 

2 ,thn n

2 1n 
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we will consider only channel A. It is important to emphasize that for the resonant channel A the final particle 

energies for different numbers of photons of the wave are also different (see Figures 4 and 5). Therefore, the 

amplitudes of the process with different numbers of photons of the wave  1 2,n n  also do not interfere 

with each other. Given this, in the case of unpolarized initial and final particles, it is not difficult to 

obtain an expression for the partial differential RTP rate (for detailed calculations, see the article [55]): 

       1 2

1 2

3 4

*

22 2 2 2

16
, , 2 .

n n

C BW n f f n i f f f

i BW fC i

dW m
K u z P u z E E E E dE dE

E d d q E




 
   



      (90) 

where 
C iandi

BW iailirhliunsrel  itolffstslnr irharidlrlimsnlirhlioidliiofimagnsrudliofirhliNCEiandi

NBWP,iwhlnirhlilnligyiofirhlisnsrsaeileltrion i
i CE  : 

2 2

,C BW

С BW

m m
 

 

   
      

   
. (91) 

In the relation (90) function 
1nK  defines the probability of the NCE, and the function

2nP defines the 

probability of the NBWP. 

     
1 1 1

2

2 2, 4 2 ,
1

f

n f f n f n f

f

u
K u z J z B z

u


 
    

 
 (92) 

     
2 2 2

2 21
.

2
n n nP z J z B z     (93) 

In the expressions (92), (93), the functioni  nB z ( 1, ;fn n z z  i
2 ,n n z z  )iandirhliaigumlnr iofirhli

Bl  leifuntrson i fz and z ,ia iwleeia irhliilearsvs rst-snvaisanripaiamlrlii fu , have the following form: 

   2 2 2

1 1 2 ,n n n nB z J z J J     (94) 

 1 2
1

1
2 1 , 1 ,

1

i
f f f f

iC f

E
z n

n E


  



 
    

  
 (95) 

 2 2
2

2 1 , ,
21

BWz n
n E


  


   



  


 (96) 

1i
f

f

E
u

E

 
  
 

. (97) 

The delta function in the relation (90) makes it easy to integrate over the energy of the final electron 

or one of the particles of the pair. At the same time, two possible variants of the final particle energies 

should be taken into account. When the energy of the final electron is on the lower branch  fC d , in the 

relation (90), integration should be performed over the energy of the particle of the pair. If the energy of 

the electron (positron) of the pair is on the lower branch  BW d , then in the relation (90), integration 

should be performed over the energy of the final electron. 

4.1. The differential and total resonant trident process rate: the lower branch of the electron energy, 

the upper branch of the pair energy 

Let us perform integration in relation (90) over the pair particle energy. As a result, we obtain the 

following expression for the partial differential RTP rate on the lower energy branch of the final electron: 
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 

 

       1 2

1 2

3 4

* 2 2

22

64
, ,

f

fC dn n

C BW n f f n fC C

f d iC

mdW
K u z P u z d d

dE q

 
 


     , (98) 

where the functions 
1nK andi

2nP aili dlfsnldi byi rhli lxpil  son i (92)i andi (93),i sniwhsthi rhli funtrson i

 f fC du u i,  f fC dz z iiaili raklni oni rhli eowlii bianthi ofi rhli fsnaei leltrioni lnligyi andi rhli funtrsoni

 C uz z   is defined on the upper branch of the pair energy (see Section 3): 

 

 

   
2

2

2
1 , ,

1

iC
fC d C u C u

fC d

u z
 


 

 

 
      

 (99) 

        

 

1 2
1

1 1 1
2 1 , .

1
fC d fC d fC d fC d

iCfC d

z n
n


  

 

 
       

 (100) 

Here, the function  fC d  changesi sni rhli snrlivaei (34),iandi rhli ueria-ilearsvs rsti paiamlrliiofi rhli pasii

 
2

C u
 is determined by the final electron energy on the lower branch (see the relations (51) and (52)). 

Elimination of the resonant infinity in the expression (98) is performed with the Breit-Wigner 

procedure [79]. Because of this, the zero component and the square of the 4-pulse of the intermediate 

photon get an imaginary additive: 

2 2

0 0 0

1
, 2 , .

2
BW BW BW BWq q i q q iq W         (101) 

where 
BWW is the total probability (per unit time) of the NBWP. 

   
2

0

, P , ,
8

BW iBW iBW

m
W

q


   


  (102) 

     
 

 
1

min 1

P , P , , P , , ,
1

iBW

iBW

k

iBW k iBW k iBW iBW

k k

du
P u k

u u u





      




   

 


   (103) 

         2 2 2 2 2

1 1

1
, , 2 ,

2
iBW k k k kP u k J z u J z J z J z    

 
        

 
 (104) 

2
2 1 .

1 iBW iBW

u u
z k

k k



 

 
  

  
 (105) 

Given this, the differential partial RTP rate (98) takes the following form: 

 

 

 
 

       
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23
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23 2 2 2
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f

n n fC

C BW n n CfC d fC d C u

iCf d fC d fC fC d f d

dW d
K u z P z d

dE



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  

   
 

  (106) 

Here, the angular width of the resonance is determined by the following expression: 

 

 

 

2

2

,
.

8

iBW
f d

iC fC d

m P

m

  

  

   (107) 

In the relation (106), the ultra-relativistic electron parameter  
2

fC d  determines the resonant energy of 

the final electron (see expressions (32)), and the parameter
2

fC  can take arbitrary values that do not 

depend on the energy of the electron. Note that the expression (106) has the characteristic Breit-Wigner 

resonance structure and takes the maximum value at  
2 2

fC fC d  . Let us integrate the expression (106) 

over the ultra-relativistic parameter
2

fC  near the resonant value  
2

fC d . It should be taken into account 

that the resonant width in this expression has a dominant value only in the resonant denominator (in all 
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other expressions, this width can be ignored). Therefore, this integration actually reduces to an integral 

only of the resonant denominator: 

   

  2 2

2 2
, .fC fC d

f df d

dy
y

y


 





  
   

  (108) 

Here, the limits of integration are extended to   due to the fast convergence of the integral. Given this, 

the expression for the differential partial RTP rate (106) after this integration will take the form: 
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 
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     
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Wliplifoimisnrlgiarsoniovliirhliourgosngiangeliofirhlileltrion-po srionipasii 2

C  nlaiirhliil onanrivaeuli

 
2

C u
. This integration can be performed using the Dirac delta function, which selects the desired 

resonant outgoing angles of the pair. 
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 (110) 

After integration, the expression for the distribution of the partial rete of the RTP as a function of the 

final electron energy (110) looks like this: 

 
    

  
1 2 1 22

16f fi
n n C BW n nfC d fC d
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V  



 
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 
. (111) 

where the function 
ia  is defined by the initial installation parameters: 

   
 

6 22 1

,
i

iBW

a
P

 
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
 , (112) 

and the function  

1 2

f

n n determines the energy distribution of the final electron: 

 
          

1 2 1 2
, .

f

n n n nfC d fC d fC d C uK u z P z    (113) 

Figures 6–8 show the dependence of the partial RTP rate  

1 2

f

n nV ii(111)i oni rhli lnligyi ofi rhli fsnaei

leltrionionirhlieowliibianthi  fC d i(34)ifoiivaisou ivaeul iofirhliilearsvs rst-snvaisanripaiamlrliiofirhli

wavli ,irhlisnsrsaeileltrionilnligy,iandirhlinumbliiofiphoron iofirhliwavl.iFsguili6i how irhlita liofi

aiwlakifsledi  0.1  iwsrhibsgisnsrsaeileltrionilnligyi  10iC  iandirhlinumbliiofiab oibldiphoron i

ofi rhli wavli 1 21, 1n n  i.i Fsguili 7i andi Fsguili 8i aili peorrldi foii ai  riongi fsled:i 2  iiandi 5  i,i

il pltrsvley.iFsguili7aiandiFsguili8ai howirhlipairsaeiRTPiiarli  

1 2

f

n nV  foii maeei snsrsaeileltrionilnligyi

 2iC  ,iwhlnirhlinumbliiofiphoron iofirhliwavliab oibldisnirhli ltondivlirlxidlplnd ionirhlifsnaei

leltrionilnligyi( 2 thn n i llirhliilearsoni(54)).iFoii 1 1n  iwliglri 2 7n  iandifoii 1 2n  iwliglri 2 6n  .i

Fsguili 7bi andi Fsguili 8bi aili peorrldi foii bsgi snsrsaei leltrioni lnligyi  10iC  i,i whlni rhli numblii ofi

phoron iofirhliwavliab oibldisnirhli ltondivlirlxi 2 1n  .iFsguil i6–8i howirharirhlipairsaeiRTPiiarli

sntila l i sgnsfstanreyia irhliwavlisnrln sryi(paiamlrlii )isntila l .iHowlvli,isri houediae oibliraklni

snroiattounrirharia irhlipaiamlrlii  increases, the characteristic energy of the NCE also increases, i.e., 

the unitless coefficient decreases C BW   (see Tables 1–4). Because of this, the effect of the differential 

RTP rate increase may not appear (see Tables 2 and 4). In addition, for 1 1n   (regardless of the 
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magnitude 
2n ), the maximum partial RTP rate  

1 2

f

n nV  gravitates towards the minimum energy of the final 

electron (zero outgoing angle  
2 0fC d  ). If 

1 2n   or more, then the maximum partial RTP rate 

gravitates towards bigger initial electron energies (big outgoing angles  
2 0fC d  ). However, the 

magnitude of the partial RTP rate rapidly decreases with the increase of the number of absorbed photons 

of the wave. For those distributions of the partial RTP rate  

1 2

f

n nV  on the final electron energy, the pair 

energy as well as outgoing angles of the electron and the electron-positron pair and uniquely defined by 

expressions (64), (32) and (51), (52), respectively (also see Figures 2 and 3). Thus, we have quantum 

entanglement of the final particle states, defined by the NCE. 

 

Figure 6. Dependence of the partial RTP rate  

1 2

f

n nV  (111) (in units of 
C BW  ) on the energy of the 

final electron on the lower branch  fC d  for a weak field  0.1   and a large energy of the initial 

electron 10iC   when 
1 21, 1n n  . 

  

Figure 7. Dependence of the partial RTP rate  

1 2

f

n nV  (111) (in units of C BW  ) on the energy of the 

final electron on the lower branch  fC d  for a strong field  2   and different numbers of the 

photons of the wave absorbed in the first  1 1n   and second  2 thn n  (54) vertices. (a) corresponds 

to the energy of the initial electron 2iC  ; ( b) corresponds to the energy of the initial electron 

10iC  . 
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Figure 8. Dependence of the partial RTP rate  

1 2

f

n nV  (111) (in units of 
C BW  ) on the energy of 

the final electron on the lower branch  fC d  for a strong field  5   and different numbers 

of the photons of the wave absorbed in the first  1 1n   and second  2 thn n  (54) vertices.  

(a) corresponds to the energy of the initial electron 2iC  ; (b) corresponds to the energy of the 

initial electron 10iC  . 

If we integrate relation (111) over the final electron energy, we can obtain the total RTP rate.  

     

 

 

       
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min
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16
, ,
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th
fC d

f i
iC C BW n nfC d fC d fC d C u

n n niC

a
w d K u z P z





  


 



 

 
    

 
  . (114) 

Here, the limits of electron energy integration vary from the minimum   min

fC d to the maximum   max

fC d  

value (34). We emphasize that when summing up the number of photons of a wave absorbed in the 

second vertex in the relation (114), it should be taken into account that the threshold value 
thn , generally 

speaking, depends on the integration variable  fC d . The function argument   
2n C uP z depends on the 

electron energy  fC d and has the form (99), (51), (52). The expression (114) can be made more convenient 

for calculation by switching to another integration variable:    fC d f d   (see the relation (36)). After 

simple calculations, we finally get the following expression for the total RTP rate: 
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 
  
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n fC fCf i
iC C BW n C

n n niC iC
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


  
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 



 

 
    

 
   (115) 

In the expression (115) integration variable  f d  .iThliaigumlnr iofirhlifuntrson i     
1

,n fC fCK u z  i

andi   
2n CP z  ,ia iwleeia irhlirhil hoedivaeuli  thn  in the expression (115), take the following form (see 

the relations (99), (100)): 

   
1

1 2

1 1
, 2 1 ,

1

iC
fC fC

n
u z n 

 

  

 
   

  
 (116) 

      22

2
,

1
C C Cz n  


 


  


 (117) 

     
1

4
2 , 1th C C

iC iC

n
n

  


 

 

 
     

 
. (118) 

It is important to note that when the energy of the initial electron satisfies the condition (61), then the 

threshold number of photons of the wave absorbed in the second vertex (118) starts with one. In this 

case, the total RTP rate (115) can be represented as the sum of the partial rates: 



Quantum Res.  Article 

 22 

     
  

1 2

1 2

1 max
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, , 9.68
f f

iC n n iC

n n

w w   
 

 

   . (119) 

where the partial RTP rate with absorption of 
1n andi

2n  photon of the wave has the following form: 

        
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 
    

 
 . (120) 

Expressions for partial differential and total rates of the RTP (see relations (111) and (115)) are 

significantly simplified when the energy of the initial electron significantly exceeds the characteristic 

energy of the NCE (see the inequality (66)). In this case, the final electron energy is of the same order 

as the characteristic energy of NCE (   1fC d ,i llirhliilearsoni(67)),iandirhlipaiamlrlii   1iCfC du  

( llirhliilearsoni(99)).iBltau liofirhs ,isnirhlifuntrsoni     
1

,n fC d fC dK u z  (92), the second term will be 

significantly larger than the first. Therefore, we can write 

    
 

  
 

  
1 1 1

2 2 1, .iC iC
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fC d f d

n
K u z B z B z

 
 

 
   (121) 

Taking this into account, the partial differential RTP rate with registration of the electron energy on the 

lower branch will take the following form: 

 
         

    
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2 16
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f fi
n n C BW n n n iCfC d C fC d
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
 

 
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 
, (122) 
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1 2 1

1
.

f

n n nfC d fC d

fC d

B z


   (123) 

Here the argument of the function   
2n CP z   does not depend on the energy of the final electron 

 
2

2

4

1
C

iС

n
z




  


, (124) 

andi   
1n fC dB z  has the form: 

 

   

1 2
1 1

1 1
2 1

1
fC d

fC d fC d

z n
n n



 

 
     

. (125) 

Note that the expression (123) contains the electron energy     1 1fC d f d n  . It is important to 

emphasize that for large initial electron energies, the expression for the partial differential RTP rate (122) 

decreases approximately hyperbolically with increase of the quantum parameter iC . 

When condition (66) is fulfilled, we simplify the total RTP rate (115). In this case, the threshold 

value   1thn    (see relation (118)). Therefore, the expression for the total RTP rate can be represented 

as the sum of the partial RTP rates (119), where the total partial RTP rate with absorption of 1n andi 2n  

photons of the wave after simple transformations will take the following form: 

           
1 2 2 1
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a d
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 
 

 
    

 
 . (126) 

In the expression (126), the function argument   
1n fB z  is defined by the relation (116). From the 

obtained expression (126), it can be seen that the total partial RTP rate with absorption of 1n  andi 2n

phoron iofirhliwavlidltila l iwsrhirhlisntila liofirhlisnsrsaeileltrionilnligyia i  

1 2

1f

n n iCw  
. 

Figure 9 shows that the total RTP rate 
 f

w  (115) decreases approximately hyperbolically with the 

increase of the initial electron energy (in units of the characteristic energy of the NCE). At the same time, as 



Quantum Res.  Article 

 23 

the wave intensity (parameter  ) increases, the total RTP rate rapidly increases. However, it should also be 

taken into account that as the parameter  increases, the characteristic energy of the NCE also increases, i.e., 

the size coefficient 
C BW   decreases. Because of this, the effect of the increase of the total RTP rate  f

w

may not be apparent (see Tables 1 and 3). Also note that for the electron energies 2.5 10iC  , the number 

of photons of the wave absorbed in the second vertex changes (see the relations (54), (58)–(60)). This effect 

leads to a characteristic break in the total RTP rate  f
w  in this energy interval. 

 

Figure 9. Dependence of the total RTP rate  f
w  (115) (in units of 

C BW  ) on the initial electron 

energy 
iC  for various values of the parameter  . 

4.2. The differential and total resonant trident process rate: the lower branch of the pair energy, the 

upper branch of the electron energy 

Let us integrate relation (90) over the final electron energy. As a result, we get the following expression 

for the partial differential RTP rate: 
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where the functions 
1nK andi

2nP aili dlfsnldi byi rhli lxpil  son i (92)i andi (93),i sniwhsthi rhli funtrson 

 f fBW uu u ,  f fBW uz z iailiraklnionirhliuppliilnligyibianthiofirhlifsnaeileltrioniandi  BW dz z  on 

the lower energy branch of the pair (see Section 3): 
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 (129) 

Here, the energy of the positron (electron) of the pair  BW d vaisl i snirhli snrlivaei (43),i(47),iandirhli

ueria-ilearsvs rstileltrionipaiamlrlii  
2

fBW u  is determined by the pair energy on the lower branch (see 

relations (72), (73)). 

Elimination of resonant infinity in the expression (127) is performed with the Breit-Wigner procedure 

similar to the previous case (see (101)–(105)). After simple conversions, the partial differential RTP (127) 

rate takes the following form: 


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 (130) 

Here, the angular width of the resonance is determined by the following expression: 
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   (131) 

In the relation (130), the ultra-relativistic electron parameter  
2

BW d
 dlrlimsnl irhliil onanrifsnaei

leltrioni lnligyi ( lli lxpil  son i (32)),i andi rhli paiamlrlii 2

BW  tani rakli aibsriaiyi vaeul i rhari don'ri

dlplndioni rhli lnligyiofi rhli pasi.iNorli rhari rhli lxpil  soni (130)i ha i rhli thaiatrlis rstiBilsr-Wsgnlii

il onanri riutruiliandirakl irhlimaxsmumivaeuliari  
2 2

BW BW d   .iLlriu isnrlgiarlirhlilxpil  soni(130)i

ovlii rhli ueria-ilearsvs rsti paiamlrli i 2

BW  andi 2

fBW  (see previous Section 4.1). After simple 

calculations, we obtain the following expression for the partial differential RTP rate with registration of 

the pair energy on the lower branch: 
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Here, the function  

1 2n n


  determines the energy distribution of the electron-positron pair on the lower branch: 
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. (133) 

Figures 10–12 show the dependence of the partial differential RTP rate  

1 2n nV

i(132)i(sniunsr iofi

C BW  )i

onirhlipasiilnligyionirhlieowliibianthi  BW d  (40), (43) for various values of the relativistic-invariant 

wave parameter , the initial electron energy and the number of absorbed photons of the wave. Figure 10 

shows the case of a weak field  0.1  i,i bsgi snsrsaei leltrioni lnligyi  2.5iBW  iandi rhli numblii ofi

ab oibldiphoron iofirhliwavli
1 21, 1n n  . Figure 11 and Figure 12 are plotted for strong fields:i 2  i

andi 5  , respectively. Figure 11a,b and Figure 12a,b show partial differential RTP rate  

1 2n nV

ifoii  maeei

snsrsaeileltrionilnligyi  0.5iBW  ,iwhlnirhlinumbliiofiphoron iofi rhliwavliab oibldi snirhli ltondi

vlirlxidlplnd ionirhlifsnaeileltrionilnligyi( 2 thn n ,i lliilearson i(79),i(80)).iFoii 1 1n  iwliglri 2 5n  i

andi foii 1 2n  iiwli glri 2 4n  . Figures 11c and 12c are plotted for big initial electron energies 

 2.5iBW  , when the number of photons of the wave absorbed in the second vertex 2 1n  . Figures 

10–12 show that the increase of the parameter   by a few orders causes a significant increase in the 

partial differential RTP rate (by several orders of magnitude). However, it should also be taken into 

account that as parameter   increases the characteristic energy of the NBWP also grows, i.e., the unitless 

coefficient C BW   decreases. Thus, the effect of the differential RTP rate increase may not appear (see 

Tables 2 and 4). In addition, for 2 1n  irhlimaxsmumiiarli  

1 2n nV


 holds for the minimum pair energy (zero 

outgoing angle  
2 0BW d  ). If 2 2n  iioiimoil,i rhli maxsmumi pairsaei dsfflilnrsaei RTPi iarli giavsrarl i

rowaid i hsghlii pasii lnligsl i (bsgglii ourgosngi angel i  
2 0BW d  ). However, the partial RTP rate 

significantly decreases with the increase of the number of the absorbed photons of the wave. For these 

energy distributions of the partial differential RTP rate  

1 2n nV


 the final electron energy, outgoing angles 

of the electron and electron-positron pair are uniquely determined by the relations (77), (78), (72) and 


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(40), (41), respectively (also see Figures 4 and 5). Thus, we have quantum entanglement of the final 

particle states, determined by the NBWP. 

 

Figure 10. Dependence of the partial differential RTP rate  

1 2n nV


 (132) on the pair energy on the 

lower branch  BW d  for a weak field  0.1   and large initial electron energy 2.5iBW  , when 

1 21, 1n n  . 

   

Figure 11. Dependence of the partial differential RTP rate  

1 2n nV


 (132) (in units of C BW  ) on the 

pair energy on the lower branch  BW d  for a strong field  2   and different numbers of 

photons of the wave absorbed in the first  1 1n   and second  2 thn n  (79), (80) vertices. (a) and 

(b) correspond to the initial electron energy 0.5iBW  ; (c) corresponds to the initial electron 

energy 2.5iBW  . 

   

Figure 12. Dependence of the partial differential RTP rate  

1 2n nV


 (in units of C BW  ) on the pair 

energy on the lower branch  BW d  for a strong field  5   and different numbers of photons of 

the wave absorbed in the first  1 1n   and second  2 thn n  (79), (80) vertices. (a) and (b) 

correspond to the initial electron energy 0.5iBW  ; (c) corresponds to the initial electron energy 

2.5iBW  . 
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If we integrate the relation (132) over all possible pair particle energies (43), we can get the total 

RTP rate. 
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The expression (134) can be made more convenient for calculation by switching to another integration 

variable    d dx    (see the relation (40)). After simple calculations, we finally get the following 

expression for the total RTP rate: 
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In the expression (135) integration variable  d  . The arguments of the functions   
2n BWP z   and 

    
1

,n fBW fBWK u z  , as well as the threshold value 
thn  take the following form (see the relations (95)–(97)): 
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 (137) 

     
1

2
, 1th

iBW iC

n
n

  


 

 
 

 
     

 
. (138) 

It is important to note that if the quantum parameter of the NBWP satisfies the condition (61), then the 

threshold number of photons of the wave absorbed in the second vertex (138) starts with one. In this 

case, the total RTP rate can be represented as a sum of partial rates: 

     
  

1 2

1 2

1 max

1 1

, , 2.42iBW n n iBW

n n

w w   
 

 

 

   , (139) 

where the partial RTP rate with absorption of 
1n  andi

2n  photon of the wave has the following form: 

           
1 2 2 1

2

2 2

21

2 1 ,n n i C BW n nBW fBW fBW

iBW

d
w a n P z K u z

n
  

 

 





 
    

 
 . (140) 

Expressions for the differential and total RTP rates (see the relations (132) and (139), (140)) are 

significantly simplified when the initial electron energy significantly exceeds the characteristic 

NBWP energy (see inequality (86)). In this case, the energy of the positron (electron) of the pair is 

small (   1BW d  see (87)). The expressions (137), (138) take the following form: 

   
1

2
2 2

1
1, 1

1
fBW fBW

iBW iBW

n
u z

n n
 

 


 

 
    

 
. (141) 

Because of this, the function     
1

,n fBW fBWK u z   (92) takes the main value when 1 1n  . Therefore, we 

can write 

         
1

2

1, , 2n fBW fBW fBW fBWK u z K u z      . (142) 

Taking this into account, the partial differential RTP rate with registration of the positron (electron) 

energy of the pair on the lower branch (132) will take the following form: 

 
      

    
1 2 2

2

12 , 1n n C BW i n iBWBW d BW dV a    

 
     , (143) 
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 
     

 

2

21 2

n BW d

n BW d

BW d

P z










  . (144) 

Note that the argument of the function   
2n BW dP z  takes the form. Thus, the expression for the partial 

differential RTP rate (143) barely depends on the quantum parameter 
iBW . 

Let us simplify the total RTP rate (135) when the condition (86) is met. In this case, the threshold 

value 1th iBWn       (see relation (80)). In addition, the main contribution to the sum over the 

number of photons of the wave absorbed in the first vertex is given by the term with 
1 1n  . Because of 

this, the relation for the total resonant rate (135) can be roughly represented as the sum of only the 

number of photons of the wave absorbed in the second vertex: 

       
2

2

1

1

, , 1iBW n iBW

n

w w  


 



  . (145) 

where the total partial RTP rate with absorption of 
2n - photons of the wave after simple transformations 

will take the following form: 

      
2 2

2

2

1 2 2

1

4n C BW i n BW

d
w a n P z 








    . (146) 

In the expression (146), the function argument   
2n BW dP z  is defined by the relation (136). 

Figure 13 shows that with the increase of the initial electron energy (in units of characteristic energy 

of the NBWP) the total RTP rate  w

i(135)ibaileyithangl .iArirhli amlirsml,iwsrhirhlisntila liofiwavli

snrln sryi (paiamlrlii i)i rhli roraei RTPi iarli sntila l i iapsdey.i Howlvli,i sri  houedi ae oi bli raklni snroi

attounrirharia irhlipaiamlrlii  increases, the characteristic energy of the NBWP also increases, i.e., the 

unitless coefficient 
C BW  idltila l .iBltau liofirhs ,irhlilffltriofirhliroraeiRTPiiarli  w


 increase may 

not occur (see Tables 2 and 4). Note that for the initial electron energies 0.5 2.5iBW   the number of 

photons of the wave in the second vertex changes (see relations (79), (81)–(83)). This effect leads to a 

characteristic break in the total RTP rate  w


 in this energy interval. 

 

Figure 13. Dependence of the total RTP rate  w


 (135) on the initial electron energy iBW  for 

various parameter   values. 

5. Results and discussion 

In the previous Sections, resonant kinematics were studied in detail. Distributions of the differential 

partial RTP rate as a function of the final particle energy and the corresponding total RTP rates as a 

function of the initial electron energy and parameter   were obtained. It is important to note that the 

obtained resonant relations of the RTP depend on relativistic-invariant parameters   , ,jC jBW j i f     
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(the energies of the initial and final particles in units of the characteristic energies of the NCE and 

NBWP) and the parameteri . 

We estimate the final particle energies and the RTP rates in the optical and X-ray frequencies 

of the external electromagnetic wave. In this case, we will choose head-on directions of propagation 

of the initial electrons and the electromagnetic wave  i  . Note that the choice of small angles 

 1i   when the initial electrons collide with an electromagnetic wave will significantly increase 

the characteristic energy of the NCEi (11),iwhich will lead to suppression ofi rhli il onanri risdlnri

piotl  i[48]. 

5.1. Optical frequency range: main parameters of the resonant trident process 

Let us choose the frequency of the electromagnetic wave propagating towards the initial electron flow, 

3 eV  . Then, depending on the wave intensity  0.1; 2; 5  , we obtain the following values of the 

characteristic energy NCE: 

 

 

 2

1

19 2

2

2

0

7 0.1

108.80 GeV

V

21.98 GeV, if 3 eV,

 , if  , 6.70 10  Wcm 2

565.7

V

6 GeV, if  , 4.19 10  Wcm 5

6 1. 75 10  Wcm

3 e

3 e

C

I

I

I























   


  



   

. (147) 

The relation (147) shows that the characteristic energy 
C in the optical frequency range is quite 

large. Even for a weak field  0.1  , it has an order of magnitude of tens of GeV, and for 1  the 

characteristic energy 210 GeVC . At the same time, the characteristic NBWP energy is four times 

greater 
C . As was shown earlier, the main contribution to the RTP rate is made by the initial electron 

energies  1 1iC iBW  . Therefore, to observe the resonant trident process in the region of optical 

frequencies and strong fields, sufficiently large initial electron energies are required 

 2 310 10 GeViE  . 

Tables 1 and 2 show the main characteristics of the resonant trident process for the optica l 

frequency rangei  3 eV  ,idsfflilnrisnrln srsl iofirhliwavli(147)iand high initial electron energyi

 10, 2.5iC iBW   .iThese tables reflect two possible cases of final particle energies (see Sections 

3.2 and 3.3). 

Table 1. The main characteristics of the resonant trident process, defined by the nonlinear 

Compton effect at 10iC  , for the optical frequency range  3 eV  iiand different wave 

intensitiesi(147). 

*

Cω  
*

iE   
 *min

f d
E   

 *max

f d
E  

C BWΓ Γ   
 f

11 max
V  

 f
w  

21.98 219.8 19.98 36.63 
259.73 10  

206.61 10  
203.36 10  

108.80 1088.0 98.91 181.33 
271.62 10  

205.93 10  
206.06 10  

565.76 5657.6 514.33 942.94 
302.22 10  

211.74 10  
212.16 10  

* All energies are in GeV units. 
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Table 2. The main characteristics of the resonant trident process, defined by the nonlinear Breit-Wheeler 

process ati 2.5iBW  ,ifor the optical frequency rangei  3 eV  iand different wave intensities (147). 

*

BWω  
*

iE   
 *min

±d
2E   

 *max

± d
2E  

C BWΓ Γ   
 ±

11 max
V  

 ±
w  

87.92 219.8 87.91 175.8 259.73 10  
191.22 10  

203.44 10  

435.20 1088.0 435.2 870.4 271.62 10  
193.36 10  

193.84 10  

2263.04 5657.6 2263.1 4526.1 302.22 10  
201.59 10  

201.97 10  

* All energies are in GeV units. 

It is important to note that for a weak fieldi  1  , there is a threshold energy 

   
1 min 4 1 2iС n     (61), below which the RTP is suppressed (see Figures 6 and 10). Because of 

this, the energies of the initial electrons must be sufficiently large in comparison with the 

characteristic energy of the NCE. So, for the energy of the initial electrons 219.8 GeViE   the 

energies of the final particles are distributed in the following intervals:  19.98 GeV 36.63 GeVf dE  i

andi  183.17 GeV 2 199.82 GeV.uE  In this case, since the quantum parameteri
iC is ieaigl, the initial 

electron energy mainly passes into the electron-positron pair energy with differential and total RTP 

rates   20

11 6.61 10
f

V   andi   203.36 10
f

w   , respectively.i In the second case (see Table 2 and 

Figure 10), the initial electron energy is redistributed between the final particles as follows:i

 87.91GeV 2 175.80 GeVdE  iandi  44.00 GeV 131.89 GeVf uE  iwith the differential and total 

RTP ratesi   9

11

11.22 10V
  andi   203.44 10w

   , respectively.i 

Foiiai riongifsledi  2   and small initial electron energiesi  2iC  , the initial electron energy  

217.6 GeViE   is distributed among the final particles as follows. In the first case, we have 

  V7  2.5 108.8 GeV Gef dE   and  108.8 GeV 145.1 GeV2 uE   with the differential and total RTP 

rates   0

17

27.08 10
f

V    and   191.73 10
f

w   , respectively (see Figures 7a and 9). In the second case, 

we have  108.8 GeV 2 163.2 GeVdE   and  54.4 GeV 108.8 GeVf uE   with the differential and 

total RTP rates   9

18

14.45 10V
    and   194.36 10w

   , respectively (see Figure 11a and Figure 13). 

For large initial electron energy 1.088 TeViE    10iC  irhlifsnaeipairstelilnligyimasneyigol i snroi

rhli leltrion-po srioni pasii lnligyi ( lli ilearson i (66),i (67)).i Ini rhli fsi ri ta l,i wli havl

 98.91GeV 181.33 GeVf dE  iandi  906.67 GeV 2 989.09 GeVuE  iwsrhirhlidsfflilnrsaeiandiroraei

RTPiiarl i   0

11

25.93 10
f

V  iandi   206.06 10
f

w   , respectively ( lliTabeli1,iFsguil i7biandi9).iInirhli

 ltondita l,iwlihavli  432.20 GeV 2 870.40 GeVdE  iandi  217.60 GeV 652.80 GeVf uE  iwsrhi

rhlidsfflilnrsaeiandiroraeiRTPiiarl i   9

11

13.36 10V
  iandi   193.84 10w

   , respectively ( lliTabeli2,i

Fsguili11t). 

It follows that in the region of optical frequencies of the electromagnetic wave, for the initial 

electron energiesi  210 10 GeVi CE   iithe differential and total RTP rates have the following 

order of magnitude:i    

1 2 1 2

1910
f

n n n nV V
  iandi     1910

f
w w

 
,iil pltrsvley.iNote that in the case of a 

non-resonant trident process, the corresponding differential rates, which was defined as the product of 

the differential rates of the NCE and NBWP ati 3  i,i 17.5 GeViE  iiis of the order of magnitudei
2510 i[4,5,48] (under these initial conditions, the resonant trident process is suppressed). 

Note that for the optical frequency range of lasers, estimates of the resonant rate for not very high laser 

wave intensities in the range are given   17 20 210 10  WcmI  . This is due to the fact that even for these 

wave intensities, the characteristic energy of the NCE takes on rather large values  20 600 GeVC  . As 

a result, sufficiently high electron energies are needed to observe the resonant trident process  i CE  . 
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Currently, the laser intensity reaches values  23 24 210 10  WcmI   for which  2 310 10 TeVC  . In 

order for the resonant trident process not to be suppressed in such strong fields, very high energies of the 

initial electrons are needed, comparable to the characteristic energy of the NCE. 

5.2. X-ray frequency range: main parameters of the resonant trident process 

As the wave frequency increases, the characteristic energy of the NCE decreasesi(11),iwhich makes for 

more favorable conditions for experimental observation of the resonant trident process.iLet us choose 

the frequency of the electromagnetic wave propagating towards the initial electron flow, 3 keV  . 

Then, depending on the wave intensity  0.1; 2; 5  , we obtain the following values of the 

characteristic energy NCE: 

 

 

 2

2

25 2

2

2

6

3 0.1

108.80 MeV,

V

21.98 MeV, if 3 keV,

  if  , 6.70 10  Wcm 2

565.76 

V

MeV, if  , 4.1

 1.6

9 10  Wcm 53

75 10  Wcm

3 ke

 ke

C I

I

I 





















   


  



   

. (148) 

From relation (148) it can be seen that the characteristic energy 
C  in the X-ray frequency range is three 

orders of magnitude smaller than the corresponding values for the optical frequency range. So, for a 

weak field  0.1   it has the order of magnitude of tens of MeV, and for 1  the characteristic energy is 
210 MeVC . Therefore, to observe the resonant trident process in the region of X-ray frequencies and 

strong fields, not very large energies of the initial electrons are required  2 310 10 MeViE  . 

Tables 3 and 4 show the main characteristics of the resonant trident process for the X-ray frequency rangei

 3 keV  ,idsfflilnriwavlisnrln srsl i(147)iand high initial electron energyi  10, 2.5iC iBW   .iThese 

tables reflect two possible cases of final particle energies (see Sections 3.2. and 3.3.). 

Table 3. Main characteristics of the resonant trident process, determined by the nonlinear Compton 

effect ati 10iC  , for the X-ray frequency rangei  3 keV   and different wave intensitiesi(148). 

*

Cω  
*

iE   
 *min

f d
E   

 *max

f d
E  

C BWΓ Γ   
 f

11 max
V  

 f
w  

21.98 219.8 19.98 36.63 
139.732 10  

86.61 10  
83.36 10  

108.80 1088.0 98.91 181.33 
151.620 10  

85.93 10  
86.06 10  

565.76 5657.6 514.33 942.94 
182.216 10  

91.74 10  
92.16 10  

* All energies are in MeV units. 

Table 4. Main characteristics of the resonant trident process, determined by the nonlinear 

Breit-Wheeler process ati 2.5iBW  , for the X-ray frequency rangei  3 keV   and different wave 

intensitiesi(148). 

*

BWω  
*

iE   
 *min

±d
2E   

 *max

± d
2E  C BWΓ Γ   

 ±

11 max
V  

 ±
w  

87.92 219.8 87.91 175.8 
139.732 10  

71.22 10  
83.44 10  

435.20 1088.0 435.2 870.4 
151.620 10  

73.36 10  
73.84 10  

2263.04 5657.6 2263.1 4526.1 
182.216 10  

81.59 10  
81.97 10  

* All energies are in MeV units. 
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For a weak X-ray wave field  0.1  iari 10iC  irhli snsrsaeileltrionilnligyi s i 219.8 MeViE  . 

Then in the first case (see Table 3 and Figure 6) the final particle energies are distributed in the following 

range:  19.98 MeV 36.63 MeVf dE  iandi  183.17 MeV 2 199.82 MeV.uE   In this case, since the 

quantum parameter 
iC  is large, the initial electron energy mainly goes into the electron-positron pair 

energy with the differential and total RTP rates   8

11 6.61 10
f

V  iandi   83.36 10
f

w   , respectively. 

In the second case (see Table 4 and Figure 10) the initial electron energy is redistributed between the 

final particles as follows:  87.91 MeV 2 175.80 MeVdE  iiandi  44.00 MeV 131.89 MeVf uE   

with the differential and total RTP rates   7

11 1.22 10V
  iandi   83.44 10w 

  , respectively. 

Foii ai  riongi fsledi  2  iiandi  maeei quanrumi paiamlrlii  2iC  , the initial electron energy 

217.6 MeViE   is distributed between final particles the following way. In the first case, we have 

  V7  2.5 108.8 MeV Mef dE   and  108.8 MeV 145.1 MeV2 uE   with the differential and total 

RTPi iarl    8

17 7.08 10
f

V    and   71.73 10
f

w   , respectively (see Figure 7a and Figure 9). In the 

second case, we have  108.8 MeV 2 163.2 MeVdE   and  54.4 MeV 108.8 MeVf uE   with the 

differential and total RTPi i iarl    7

18 4.45 10V 
   and   74.36 10w 

  , respectively (see Figure 11a 

and Figure 13). For the five times bigger initial electron energy 1.088 GeViE  i  10iC  irhli snsrsaei

leltrionilnligyimasneyigol isnroirhlileltrion-po srionipasiilnligyi( lliilearson i(66),i(67)).iInirhlifsi ri

ta l,i wli havli  98.91 MeV 181.33 MeVf dE  iiandi  906.67 MeV 2 989.09 MeVuE  iiwith the 

differential and total RTPi iarl i   8

11 5.93 10
f

V  iiandi   86.06 10
f

w   , respectively ( lli Tabeli 1,i

Fsguil i 7bi andi 9).i Ini rhli  ltondi ta l,i wli havli  432.20 MeV 2 870.40 MeVdE  i iandi

 217.60 MeV 652.80 MeVf uE  iiwith the differential and total RTPi iarl i   7

11 3.36 10V
  iiandi

  73.84 10w
   , respectively ( lliTabeli4iandiFsguili11t). 

It follows that in the region of X-ray frequencies of an electromagnetic wave, for the initial electron 

energiesi  210 10 MeVi CE   iithe differential and total RTP rates have the following order of 

magnitude:i    

1 2 1 2

710
f

n n n nV V
  iandi     710

f
w w

 
,iil pltrsvley.iThus, for the X-ray frequency range 

of an electromagnetic wave, there is a very high differential and total resonant trident process rate. 

In conclusion, we formulate the main results: 

(1) The resonant trident process takes place when an intermediate gamma-quantum in the wave field 

enters the mass envelope. As a result, the initial second-order process effectively splits into two first-order 

processes according to the fine structure constant: the nonlinear Compton effect and the nonlinear Breit-

Wheeler process. At the same time, the intermediate real gamma-quantum is unobservable, in the quantum 

mechanical sense. 

(2) The resonant trident process is determined by two characteristic quantum energies: the 

characteristic energy of the nonlinear Compton effect  and the characteristic energy of the nonlinear 

Breit-Wheeler process 4BW C   (11). These characteristic energies depend significantly on the 

frequency and intensity of the wave, as well as on the angle between the momenta of the initial electrons 

and the electromagnetic wave. So, if we direct the flow of initial electrons towards an electromagnetic 

wave  i  , then in the field of optical frequencies  1eV  and wave intensities 

 20 210  Wcm 1I 
, the characteristic energy of the nonlinear Compton effect is quite large: 

210 GeVС . At the same time, if we switch to the X-ray range of frequencies  1KeV  and wave 

intensities  26 210  Wcm 1I 
, then the characteristic energy of the nonlinear Compton effect will be 

three orders of magnitude less 
210 MeVС . 

C
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(3) The resonant trident process is effective when the energy of the initial electrons is greater than 

or on the order of magnitude of the corresponding characteristic energies. At the same time, there are 

two possible cases of resonant kinematics, when quantum entanglement of final particles takes place. 

In the first case, the outgoing angles of the final particles, as well as the energy of the electron 

(positron) of the pair, are uniquely determined by the energy of the final electron (the nonlinear 

Compton effect at the first vertex, the quantum parameter 
iC  (10)). In the second case, the outgoing 

angles of the final particles, as well as the energy of the final electron, are uniquely determined by the 

energy of the electron-positron pair (the nonlinear Breit-Wheeler process at the second vertex, a 

quantum parameter 
iBW ). An important aspect of the resonant trident process is the equality of the 

energies of the electron and positron pairs. 

(4) Analytical expressions are obtained for the partial differential rates of RTP from the energy of a final 

electron  

1 2

f

n nV  (in the first case of quantum entanglement of particles) and the energy of an electron-positron 

pair  

1 2n nV


 (in the second case of quantum entanglement of particles). In the field of optical and X-ray 

frequencies, these distributions have the following order of magnitude    

1 2 1 2

1910
f

n n n nV V
   and 

   

1 2 1 2

710
f

n n n nV V
  , respectively. 

(5) Analytical expressions for the total RTP rate are obtained, depending on the classical parameter 

 , as well as on the quantum parameter 
iC  (in the first case, the quantum entanglement of particles) 

and the quantum parameter iBW  (in the second case, the quantum entanglement of particles). In the field 

of optical and X-ray frequencies, these total RTP speeds are of the following order of magnitude 
    1910

f
w w

   and     710
f

w w
  , respectively. 

The results obtained can be used in experiments at leading laser centers, as well as to explain QED 

processes in strong X-ray fields near neutron stars and magnetars [72–75]. 
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